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Abstract Wrist mechanisms in humanoid robots play a crucial role by fundamentally
influencing the dexterity of robotic hands. Recent designs often exploit parallel
mechanisms due to their ability to transmit high loads while offering the possibility
to minimize peripheral inertia of the arms. This often comes at the cost of reduced
workspace. In this paper, a novel wrist mechanism of type 2(* ['(P*] + 1* is
presented, with the aim to achieve human-like range of motion with good force
transmission capabilities in a compact form. An in-depth kinematic analysis of the
new parallel mechanism is presented including solutions to both forward and inverse
kinematics and a comparison to the traditional 2(P* + 1* mechanism is drawn,
showing increased dexterity and range of motion.

1 Introduction

A common approach in robotics is to tailor the robot’s joint modules specifically
to their intended tasks. This functional design becomes even more relevant for
humanoids, since they possess a complex structurewhere different parts take different
specific tasks, such as walking, grasping, or manipulating. In [8], it is argued that
human muscle structures can be considered generally parallel. Recently, parallel
kinematic machines (PKMs) found many applications for joint modules in humanoid
robots, due to their ability to transmitmotormotions non-linearly to the relevant joints
(see [9] for a survey).Many different wrist designs have been proposed in the robotics
community, where the majority focused on 2-DOF mechanisms - see [7]. Notably,
the 2(P* +1*-topology is often used (e.g. wrist joint in RH5 humanoid [1]) and has
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for example been extended in [6] for humanoid ankle application. Such mechanisms
fall in the class of parallel mechanisms with actuation legs and motion constraint
generator legs (see [5] for an extensive study on their synthesis). These designs still
suffer from a limited range of motion. In this paper, we present the kinematic analysis

(a) Mechanical design of the new
2(* ['(P* ] + 1* -mechanism for a hu-
manoid wrist. Due to its symmetry, inverse
kinematic descriptions are carried out on one
side of the depicted half-plane.

(b) Geometric parameters used in the com-
putation of kinematic relations. Here, one
half of the mechanism is depicted by cutting
along the H − I-axis (see Fig. 1a).

Fig. 1: CAD depiction of new wrist and its schematic

of a novel parallel mechanism of type 2(* ['(P*] + 1* for implementing the wrist
joint of RH5v2 humanoid (see Fig. 1a) which overcomes the restricted range of
motion of traditional 2(P* + 1* design used in RH5 humanoid. The mechanism
offers increased workspace for flexion and extension of the hand with a special focus
on increasing the flexion capability of the wrist. This mechanism was first employed
by the authors in the robotic system Charlie [3] as an ankle joint. However, an
in-depth analysis of this mechanism is missing in the literature. We present the
inverse, forward and differential kinematics solution of this novel mechanism. It
is demonstrated that this mechanism can have a maximum of 4 solutions to its
inverse kinematics and 8 solutions to the forward kinematics problems. Further,
using the differential kinematics, the dexterity analysis of the proposed mechanism
is performed and the design is compared with traditional 2(P* + 1* design.
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2 Architecture and Constraint Equations

Figure 1a shows the CAD design and Figure 1b shows the mechanism’s schematic.
It exhibits = = 4 × 2 + 1 + 1 = 10 bodies and < = 6 × 2 + 1 = 13 joints that posses
5C>C = 26 degrees of freedom. Applying the Grübler-Kutzbach criteria for spatial
mechanisms yields

" = 6(= − < − 1) +
∑

58 = 6(10 − 13 − 1) + 26 = 2

degrees of freedom for the proposed design. The wrist therefore allows movements
around the G- and H-axis that we denote subsequently with inclination (U) and tilt
(W). The underlying constraint equations of the mechanism are based on the points

(a) Circle-sphere intersection that can be brought
to a circle-circle intersection by projection.

(b) Forward geometric problem: While
k1 and k2 lie themselves on circles, the
cranks ;1 and ;2 span spheres that in-
tersect with the sphere emerging from
end-effector rotation.

Fig. 2: Geometric details to solve the inverse and forward kinematics

k8 , that are likewise constrained by actuator lengths and end-effector configuration.
Our developments are generally given for both sides of the mechanism (see Fig. 1a),
such that 8 ∈ {1, 2} ��������c8 + Ā8A8 (k8 − c?

8
) − b8

��������2 − @2
8 = 0 (1)

ℎ8 :=
����X(U, W)e0

8 − k8
����2 − ;28 = 0 (2)

where vectors and scalars are depicted in Fig. 1b. The rotation matrix X(U, W) is
parameterized by inclination U and tilt W. It can generally be of intrinsic or extrinsic
type, employing the matrices XI (W)XG (U) or XI (U)XG (W), respectively.
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3 Kinematics

Computing the forward and inverse kinematics involves to solve for k8 , what can be
achieved by considering the general problem of a circle-sphere intersection and is
depicted in Fig. 2a. Formally, it writes C(c?

8
, n8 , A8) ∩S(s8 , C8) → i+

8
, i−
8
, where A8 , n8

and c?
8
= c8 + ℎ8n8 can be taken from Fig. 1b. By exploiting the dot product together

with a scalar multiplication, the vector (8 =
(
(c ?
8
− s8) · n8

)
n8 can be computed

which points from s8 to the plane of intersection. This reduces the problem to a
circle-circle intersection and the circle radius the intersected sphere is given by
d2
8
= C2

8
− (8 · (8 . The distance vector between both circle centers is simply obtained

by %8 = s8 + (8 − c ?
8
as depicted in Fig. 2a. The distance to the line of intersecting

points, together with component that accounts for its direction, is then computed by

%′8 =
%8 · %8 + A2

8
− d2

8

2| |%8 | |
%8
| |%8 | |

=
%8
2
+ %8

A2
8
− d2

8

2%8 · %8
=

%8
2
+ %8

A2
8
− C2

8
+ (8 · (8

2%8 · %8
.

Additionally, the orthogonal vector to %′
8
that is pointing to the intersection points

and being of length
√
A2
8
− %′

8
· %′
8
is computed by using the planes normal vector n8:

p8 =
%′
8

| |%′
8
| | × n8

√
A2
8
− %′

8
· %′
8
. (3)

Finally, two intersection points are obtained with

i8 = c ?
8
+ %′8 ± p8 . (4)

Inserting k+
8
, k−
8
← C(c?

8
, n8 , A8) ∩ S(X(U, W)e0

8
, ;8) into Equ. 1 and rearranging for

@8 gives the solution of inverse kinematics problem. According to the circle-sphere
intersection for computing the positions of k8 , there exist four inverse solutions to
the mechanism that are shown in Fig.3. Determining the forward kinematics - that

Fig. 3: Inverse solutions for the configuration U = 0 and W = 0. Dashed circles
indicate the constraints arising from the revolute joints located in c8 .

is computing the wrist orientation from actuator inputs @8 - presents itself to be
more involving. In a first step, the already explained circle-sphere intersection can
be exploited again to obtain m+

8
,m−

8
← C(c?

8
, n8 , A8) ∩S(b8 , @8) what translates into
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k8 = c8 +
A8

Ā8
(m8 − c8) + ℎ8n8 . (5)

Once the spatial locations of k8 are known, the remaining geometric problem to
solve, consists of two sphere-sphere intersections, as to be seen in Fig 2b. By
means of Gröbner Bases of the ideal I = 〈ℎ1, ℎ2, ℎ3, ℎ4〉|I ⊆ : [C, D, {, |] one can
solve the system of nonlinear equations, defined by Equ. 2 and augmented by the
parametrization of rotations:

ℎ3 := C2 + D2 − 1 = 0 where C = cos(U), D = sin(U), (6)

ℎ4 := {2 + |2 − 1 = 0 where { = cos(W), | = sin(W). (7)

The software Maple was used to sample through the feasible actuation space (see
Tab. 2) to compute Gröbner bases of the above ideal, revealing a univariate polyno-
mial of degree 8. With four solutions for k8 , a maximum of 8 real forward solutions
were computed and are depicted in Fig. 4. For the plots of this section and of Sec. 41,
the assembly mode of the designed wrist mechanism of Fig. 1a is used for computa-
tions. Its geometric parameters are listed in Tab. 1. With the closed-form solution to

Table 1: Geometric data of the build wrist with variables defined in Fig. 1a - all
values in [m], except for n8

b1 = [0.015 − 0.178 − 0.034]) b2 = [−0.015 − 0.178 − 0.034])
c1 = [0.015 − 0.032 0.011]) c2 = [−0.015 − 0.032 0.011])
e0

1 = [0.027 0 − 0.03]) e0
2 = [−0.027 0 − 0.03])

n1 = [1 0 0]) n2 = [−1 0 0])
Â8 = 0.049, A8 = 0.049, ℎ8 = 0.012, ;8 = 0.045

Fig. 4: Forward solutions for the actuator length @1 = 0.155m and @2 = 0.178m.
Dashed circles indicate the constraints arising from the revolute joints located in c8 .

1 Software implementations will be made available upon acceptance of paper
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inverse kinematics problem, the constraint Jacobian of the mechanism can be com-
puted, which reveals information about workspace conditioning and singularities.
Equ. 1 can be brought into the form g(x, q) = 0, differentiation then yields

mg(x, q)
mx

¤x = −mg(x, q)
mq

¤q ⇔ ¤x = −P−1
G P@ ¤q = P ¤q (8)

where the Jacobian P is the product of the inverted work space Jacobian PG and the
joint space Jacobian P@ . The condition index or determinant of the Jacobian (see
e.g. [2]) can be used to quantify the mechanism, since its input and output spaces
are R2 and ($ (3) respectively.

4 Performance Analysis

In Fig. 5 the condition index and singularities of the novel mechanism are shown.
While the universal joint of the end-effector can theoretically reach U, W ∈ [−c, c],
additional constraints of the linkages restrict theworkspace and no kinematic solution
exists in the white areas. Actuator limits (see Tab. 2) further restrict motion to the
dashed area. To highlight mechanism improvements, we propose a simple 2(P* +

(a) Conditioning of the buildmechanism, de-
termined with 1/cond(PP) ) .

(b) Configuration space of the mechanism
with actuator limits

Fig. 5: Dexterity measure and singularities in task space of the novel wrist

1*-mechanism as a design to compare against, with the linear actuators acting
directly on the end-effector platform. In analogy to the novel mechanism, the inverse
kinematics and Jacobian for the 2(P* + 1* design can be computed by rearranging
and differentiating 62

8
= @2

8
−

����X(U, W)e0
8
− b8

����2, respectively. Fig. 6a and 6b show
differences in the condition indices of the mechanisms and their singularity curves,
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(a) Difference of condition index between
new wrist and comparative design. Positive
areas indicate that the novel wrist has supe-
rior dexterity.

(b) Singularity curves of new wrist and com-
parative design, showing reduced workspace
for the new wrist by grey area.

Fig. 6: Comparison between 2(* ['(P*] + 1* and 2(P* + 1* mechanism

respectively. It can be noted that the novel design shows similar dexterity for pure

Fig. 7: Torques and speeds for pure inclina-
tion (W = 0) and pure tilt (U = 0).

Table 2: Mechanism specifications
and comparative human data [10], [4].
Actuator force and speed refer to the
rated ones and rotational speeds are
those obtained in the configuration of
maximal torques.

range force speed
lin. actuators 113-178mm 262N 152mm/s
incl. (W = 0) -42/105 deg 12/17Nm 277 deg/s
tilt (U = 0) -56/56 deg 12/15Nm 309 deg/s

comparisons (max.)
human incl. -78/95 deg 25Nm n.a.
human tilt -48/37 deg 7Nm n.a.
incl. 2(P* +* -42/101 deg -2/16Nm 291 deg/s
tilt 2(P* +* -56/56 deg 8/14Nm 323 deg/s

tilt movements under zero inclination angle. However, the design aim of increased
dexterity for high inclination angles (W = 0, 1 ≤ U ≤ 2) is clearly met. Additionally,
the singularity occurring at positive inclination angles is considerably shifted to
higher values in the novel design. Due to limitations in the construction space, the
work spacewas not shifted further in positive tilt direction in this specific application,
although this would have been advantageous in terms of dexterity. Finally, Fig. 7
gives an overview of maximal speed and torque in task space under given actuator
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input and is complemented by Tab. 2. The novel mechanism is closer to the maximal
torques in humans and delivers sufficient torque at high tilt angles.

5 Conclusion

In this work, a novel wrist design in the class of parallel 2-DOF mechanisms has
been introduced. A closed-form solution of the inverse kinematics and a Gröbner
bases approach for the forward kinematics has been presented. This is followed
by a performance analysis of the wrist, showing increased dexterity and enlarged
workspace compared to a classical 2-DOF mechanism. The here presented design
can therefore be a suitable candidate for linkages where an extended inclination angle
under good manipulability is required.
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