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Abstract

Resolving unsteady transport phenomena in geometrically complex domains is
traditionally constrained by polynomial scaling of computational cost with spa-
tial resolution. While methods based on tensor-network data representations or
matrix-product states (MPS) data encodings have emerged as a technique to sys-
tematically reduce degrees of freedom, existing formulations do not extend to
complex geometries and complex flow physics. Both capabilities are offered by
lattice Boltzmann methods, for which we develop a generalized MPS formulation.
This development marks a paradigm shift from classical methods that rely on ex-
plicit grid refinement for data reduction. Instead, our approach exploits non-local
correlations in the MPS representation to systemically compress the global fluid
state directly without modifying the underlying grid. We benchmark the proposed
solver against classical LBM using three-dimensional flows through structured
media and vascular geometries. The results confirm that the MPS formulation
reproduces the reference solution with high fidelity while achieving compression
ratios exceeding two orders of magnitude, positioning tensor networks or MPS
encodings as a scalable paradigm for continuum mechanics on high-performance
GPU hardware.
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1. Introduction

In computational fluid dynamics (CFD), the numerical solution to the Navier-
Stokes equations (NSE) is key to dealing with engineering problems and for in-
vestigating physical phenomena. Complex flows involve a broad range of scales
that need to be resolved directly or approximated. With direct numerical sim-
ulation (DNS) the computational mesh resolution is sufficiently high to resolve
the smallest possible flow scales, independent of internal scale relations. DNS
implies extreme computational effort, which can be reduced by multi-resolution
strategies, but nevertheless requires the use of high-performance computing sys-
tems. Some of the classical strategies for DNS are gradient-based adaptive mesh
refinement [1] and wavelet-based multiresolution algorithms [2, 3, 4, 5]. Mesh-
independent data compression methods have found new recent interest with the
quantum-inspired introduction of matrix product states (MPS) [6, 7, 8], and the
density matrix renormalization group (DMRG) [9] for constituted state encodings
with inherent error control. DMRG and its MPS variants belong to a class of algo-
rithms, originally developed for simulations of many-body quantum systems with
small entanglement [10, 11]. Gourianov et al. [12] have introduced an algorithm
based on MPS decomposition and a DMRG-like approach to solve a variational
formulation of the incompressible NSE, drawing an analogy between spatial cor-
relations of quantum states under local Hamiltonians [13] and interscale correla-
tions of turbulent flows. Several extensions have since been published. Kiffner
and Jaksch [14] introduced resting and moving wall boundary conditions and pro-
posed a more explicit algorithm using a DMRGe-like routine [15] to solve the
Poisson equation. Peddinti et al. [16] proposed methods to treat immersed solid
boundaries and for efficient evaluation of solutions while using a similar DMRG-
like solver for the Poisson equation. An extension to curvilinear grids was pro-
posed by van Hiilst et al. [17], and an implementation for GPUs was proposed
by Holscher et al. [18]. Moreover, Ghahremani and Babaee [19] utilized cross
interpolation for high-dimensional dynamical systems. Thai Tran et al. [20] de-
veloped an MPS-based? isogeometric solver for large-scale 3D Poisson problems.
MPS-based approaches have so far been developed primarily for data compres-
sion of turbulent flows in relatively simple geometries, leaving their applicability

3Thai Tran et al. use the term tensor train, which is another name for the same form of tensor
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to complex domains and non-turbulent flows largely unexplored.

Known for its capabilities of representing geometrically and physically com-
plex fields, the lattice Boltzmann method (LBM) is a widely adopted approach
for solving the NSE. In this framework, discrete velocity sets are employed to
represent single-particle distribution functions. A low Mach-number approxima-
tion is achieved through a multiscale expansion, where the collision term can
be formulated as a linear relaxation towards an equilibrium using the Bhatna-
gar—Gross—Krook (BGK) model [21]. This term accounts for local non-equilibrium
effects, thereby introducing nonlinearity through an approximated local equilib-
rium distribution. Compared to directly solving the NSE, LBM exhibits algorith-
mic simplicity through operator splitting between linear streaming and nonlin-
ear collision, at the cost of higher dimensionality than typical finite-difference or
finite-volume schemes. In two dimensions, LBM typically evolves nine distinct
distribution functions, while in three dimensions it requires at least fifteen, making
it a memory-intensive approach. The advection of distribution functions is inher-
ently linear and exact, and implementing complex boundary conditions within the
LBM framework is comparably easy. Moreover, the method often employs a uni-
form computational grid. Although LBM, as a memory-intensive method, offers
high potential for data compression, few compression techniques have been de-
veloped for it [22, 23, 24], and none of them are independent of the discretization
mesh. A major challenge arises from the coupling between spatial and tempo-
ral discretization on uniform grids, which prevents straightforward adaptation of
local grid refinement and requires special treatment [25]. These characteristics
make LBM an excellent candidate for MPS data encoding. Using the MPS for-
mulation, we introduce a computational framework where data compression is
achieved through low-rank approximation of non-local correlations, without ma-
nipulation of the underlying grid. The substantial memory demand associated
with storing distribution functions can thus be effectively mitigated through MPS
compression while preserving the explicit weakly compressible formulation of
LBM to circumvent the need to solve a Poisson equation. Furthermore, the uni-
form grid structure intrinsic to LBM is naturally compatible with the MPS repre-
sentation.

We propose a novel MPS-based method for solving LBM (MPS-LBM). We
overcome limitations of previous quantum-inspired CFD approaches by exploit-
ing the flexible formulation of LBM to realize MPS-compressed simulations in
complex domains. Decomposing distribution functions as MPS enables high com-
pression rates while maintaining excellent accuracy. Efficient low-rank matrix
product operators (MPO) are employed for the streaming step. See Figure 1 for a
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Figure 1: Overview of the tensor-network lattice Boltzmann method. a) The macroscopic flow
is represented by mesoscopic particle distribution functions. Each particle distribution function
is individually decomposed into a tensor network or matrix product state (MPS). The geometry
is defined by a binary object mask, which is also decomposed into an MPS of the same shape
as the particle distribution functions. b) The collision step models local particle interactions
through element-wise operations. These are rewritten in order to be efficiently executed in the
MPS-manifold via element-wise summation and multiplication. ¢) The streaming step propagates
the particle distribution functions in their respective directions. In the MPS-manifold this step is
realized through exact low-rank matrix product operators (MPO). d) Boundary conditions at com-
plex geometries are enforced by the bounce-back scheme. MPS-LBM encodes boundaries in the
MPS manifold by masking the particle distribution functions and applying additional streaming to
masked regions.

graphical overview. Additionally, we implement both temporally varying inflow
boundary conditions as well as pressure-based outflow conditions. Despite these
extensions, MPS-LBM maintains logarithmic scaling in the spatial resolution and
quartic scaling in bond dimension, which is characteristic of quantum-inspired
CFD methods. The proposed algorithm is validated on the example of the Taylor-
Green vortex in three dimensions. Furthermore, a three-dimensional simulation
of blood flow in a realistic aneurysm geometry illustrates a typical application
of LBM in engineering applications. Finally, an industrially relevant case of a
geometrically complex flow is presented. Additional test cases are provided in
Appendix A, demonstrating the full capabilities of the proposed algorithm. We
show that MPS-LBM for the complex geometry case exhibits exceptionally high
compression while maintaining high accuracy, highlighting the utility of MPS de-
compositions in complex flows around such geometries.
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Figure 2: Diagrammatic explanation of Matrix Product States. a) Tensor network diagram of
an MPS with annotations. b) Decomposition of a larger tensor into an MPS as a tensor network
diagram. c) Shift of the canonical center of an MPS as a tensor network diagram

The remainder of this paper is organized as follows. The fundamentals of
the MPS formalism are introduced in Section 2, focusing on specific aspects of
MPS-LBM. This section explicitly derives key algorithmic operations: the scale
ordering transformation, addition and multiplication, and the closed-form Ma-
trix Product Operator (MPO) for the streaming step. Section 3 establishes the
theoretical framework of the Lattice Boltzmann Method, detailing the governing
equations as well as their integration with the MPS formalism. It also details the
implementation of boundary conditions within the MPS framework. Section 4 de-
fines the numerical benchmarks, specifically the three-dimensional Taylor-Green
vortex, blood flow through an aneurysm, and a pin-fin array, and the error met-
rics used for validation. Section 5, we present a quantitative comparison between
the proposed MPS-LBM and a reference classical LBM implementation. Finally,
Section 6 discusses the implications of these results for scalable fluid simulation
in complex geometries.

2. The Matrix Product State Formalism

2.1. Compression with Matrix Product States

An alternative to grid-based data encodings is given by Matrix Product States
(MPS) [6, 7, 8]. An MPS is a specific type of tensor decomposition that allows
effective compression and efficient manipulation of large tensors. Specifically, let
T«1--%n be an order-n tensor, then there exists a set of tensors A; such that

TWn — Z WI A2 a1 Qg "t (An)g:—l ’ (1)
{a}

The tensor (A;) is called core at site i. The maximum dimension x of any bond
index o is called bond dimension of the MPS, i.e. x = max; |¢y|. It is common



to depict these kinds of tensor decompositions in a diagrammatic language, where
basic geometric shapes represent a tensor and a link between shapes represents a
common index that is summed over (see Figure 2a). An MPS can be constructed
iteratively from a larger tensor via a sequence of singular value decompositions
(SVD). It starts by reshaping T to a matrix, then applying SVD, contracting the
singular values S into the right resulting matrix B, and repeating the same on
SB. In the following, we will denote independent indices as «, /3, ... and multiple
indices combined into a single one as (af3...).
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where C,, = S,,B,,. See also Figure 2b. Truncating singular values at each step
allows to reduce the number of elements of the A;, thus compressing the data
encoded in T. SVD ensures that upon truncation to a certain rank the truncation
error is minimal in the 1*-norm at each step and scales with the largest omitted
singular value. Since all A; are left singular matrices they are all left-orthogonal

ie.
Z (Ai)als (Ai)s = Ls,. (3)

o, wj

Because of this the squared norm of T reduces to
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where the core at site n is called canonical center. This canonical center can be
shifted to the left using SVD:
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where C,,_; = A’,_1S. See also Figure 2c. Analogously to Equation 3, B,, is
now right-orthogonal and thus

Yoo = N (Cu) (©)
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contract and reshape

Similar to Equation 2, this operation can be performed iteratively, and the singu-
lar values can again be truncated to achieve additional compression. Generally,
compression should only be performed on the canonical center, as from Equa-
tion 6 follows that the canonical center encodes all information with respect to the
12-norm of the entire MPS. A truncated SVD on a site other than the canonical
center produces a locally valid compression but degrades the global accuracy of
the compression. For more details on different construction approaches as well as
further methods to compress an MPS, we refer to [6, 7, 8].

2.2. Algebra on Matrix Products States

In addition to compression, the MPS formalism allows for manipulation of
data within the compressed representation without the necessity to contract all
cores. Many operations can be efficiently performed in a site-wise manner. In the
following we consider two tensors A and B with respective MPS representations
with cores (A;)s |, and (B;)3’ . Elementwise addition [6, 7, 8] of A and B
is achieved by combining the respective cores into block matrices as

A7 0
((A+B) )az 1,08 ( 0Z sz) ) (7)

where the new indices o/ append the entries of 3; to a; and therefore |af| =
la;| + |Bi]- To perform elementw1se multiplication, the respective pairs of cores



are contracted with a Kronecker delta tensor 5%, which has entries 1if i = j = k
and O otherwise.

; w! lm m
((A © B a; e Z 0% J Oéz 1,Q4 (Bi>/3i—1w3i ’ (8)

where o, = («;/3;) and thus the bond dimensions are multiplied, || = || |G;]-
The equivalent of a linear operator mapping tensors to tensors is a Matrix Product
Operator (MPO). Compared to an MPS, an MPO has two outer indices at each
site but otherwise the same structure.

Ot = 3T (O (O O O

An MPO is applied to an MPS site-wise by contracting one of the MPO sets of
physical indices with the physical indices of the MPS, resulting again in an MPS.

((0A %1%—22 DI (AN (10)

where the bond dimensions multiply aigain |v;| = || |as].

All of the above operations increase the bond dimensions. To maintain com-
pression during manipulations, it is necessary to control bond dimensions . The
naive approach to iteratively apply Equation 5 with truncation scales as O(x?),
which is feasible for the mild increase upon a single addition operation or the ap-
plication of MPO of low bond dimension. However, for the multiplication of two
MPS of similar bond dimension Y, this naive approach scales as O(x®), which
demands more efficient methods as discussed below.

2.3. Compressed Elementwise Multiplication

We detail the algorithm employed for element-wise multiplication with simul-
taneous compression, the single-site version of the algorithm proposed in [26].
We also briefly discuss possible alternatives. Consider the element-wise product
of two MPS B and C and a candidate MPS A, that has the desired bond dimen-
sion. A is constructed to approximate B ® C by minimizing the squared 1*-norm

min[|A - (B O)[2,

&ValA=(BoC); =0, (11)
SVaA(A-A)-VA(2A-(BOC))+Va(BOC)- (BoC)) =

-~
=0
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Figure 3: Diagrammatic explanation of compressed element-wise multiplication. The product
MPS to be multiplied is depicted with red and green sites, the candidate MPS has blue sites, and
small black sites are Kronecker delta tensors. a) Diagram for exact element-wise multiplication.
Physical dimensions of each MPS site are connected via Kronecker delta tensors (black dots).
b) Orthogonality conditions simplify the inner product of MPS to the inner product of canonical
centers. ¢) Local gradient with respect to the candidate canonical center of the term to be mini-
mized. d) Iteration loop: First the left L and the right side R of the tensor network are contracted.
The sites of the product MPS corresponding to the candidate canonical center are contracted with
R and L to form the new canonical center. The new center is inserted in the candidate, and the
canonical center is shifted.
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Following Equation 8, we can write the element-wise product as the tensor net-
work diagram shown in Figure 3a, where black dots denote Kronecker delta ten-
sors. Now let A be in canonical form with the center at site c. Then A - A reduces
to the scalar product of A, with itself as in Figure 3b. Instead of the gradient with
respect to the whole of A in Equation 11, we consider the local gradient at site c,
and derive the respective tensor network as in Figure 3c. The local minimum is
found by setting A, equal to the contraction of the right-most term in Figure 3c.
Minimization is achieved iteratively as in Figure 3d: Contract the tensor network,
replace the canonical center, shift the canonical center, and repeat. The contrac-
tion of the tensor network scales as O(n?) and the shifting of the canonical center
can be performed via a QR-decomposition scaling as O(x?). In all applications
of this method, we take the first product MPS as our candidate A = B and sweep
through the sites c =1 — ¢ =n — ¢ = 1 two times.

Alternatives would be the zip-up algorithm proposed by Stoudenmire et al. [27],
which also scales in the bond dimension as O(x*), or the algorithm proposed
by Michaelidis et al. [28] with an improved asymptotic scaling of O(x?). We
chose the iterative method over the alternatives mainly because of the intention to
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Figure 4: Example of scale ordering of indices. Exemplary reordering of indices with D = 3
and n = 4. The integer indices x; are represented in binary. The binary digits are regrouped in
terms of their value. The resulting binary numbers are reinterpreted in terms of integers.

perform MPS-LBM simulations on GPU. Using QR-decomposition, the iterative
method can be implemented without SVD, which has been shown to be preferable
for MPS computations on GPU [29]. Moreover, both alternative algorithms rely
on intermediate results of preferably flexible bond dimensions, which we found
to significantly impede performance gains through JAX [30] just-in-time compi-
lation, from which we expect further computational performance gains.

2.4. Vector Fields in Scale-Ordered Matrix Product State Representation

For numerical analysis, the scalar fields encountered in continuum mechan-
ics are commonly discretized on a uniform grid within a computational domain.
For example, consider the scalar field f () discretized on a uniform grid within a
computational domain of spatial dimension D. Coordinates are given as integer-
valued indices x4, such that ) 4 Taeq corresponds to the respective continuous co-
ordinate, where e, are the basis vectors of the lattice. For simplicity let the number
of grid points in each spatial dimension be constrained to 2", implying each dis-
cretized scalar field to be a tensor f*1*P of shape (2")XD. Commonly D = 3,
thus naively decomposing f into an MPS would result in only three cores, lim-
iting the possible compression from truncation. However, n needs to be large to
resolve small details in the field. Following the scale-ordering scheme introduced
in [12], consider a binary representation of each spatial index as x; = b} ...b".
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Reordering the binary indices as

1 1
xl,...,xD:(bl...b?>7...7(bD...b%) (12)
scale-ordering 1 1
(by...bp), ..., (b7 ...00) =wi,...,wy,
allows to reshape f into an order-n tensor
£21,TD scale-ordering . wn’ (13)

which is well suited to MPS-decomposition as in Equation 1. See Figure 4 for an
example with D = 3 and n = 4.

2.5. Matrix Product Operators for Shifting

For the streaming step in LBM, we formulate shift MPO, i.e. linear operators

Sq that shift all entries of a discretized scalar field by one grid node in a given
direction d.

f21Td>-,TD S_d> FTL 5 Td+15TD (14)

We construct the shift MPO for cyclic and non-cyclic shifts, and show that the
MPO are of low bond dimension. The shift MPO is based on earlier work [12, 18],
and most of this derivation closely follows that of Kazeev et al. [31].

Consider for D = 2" cyclic S™ and non-cyclic S®) shift matrices. Forn = 2,
these matrices are defined as

0
S —

(15)

_ o O
S O O
o O = O
o= O O
o O OO
o O O
o O = O
o= O O

Using the 2 x 2 matrices

10 0 1 , (00 (01
e YR U R (O B U I

the shift matrices can be constructed as

/
S® = (j, i) =I®J+P®J,
7)

N 1A
S® — (‘é §> =IQJ+Jx.J.
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For n = 3, the shift matrices can be expressed in terms of S®) and S®@ as

S@ w2 .
3) _ 2 ®2
y>_(m2§® _ 1980 4 pe e,

A (3) S@  jre2 &(2) 192 o
leading to the recursive definition
Q(n—1) 1®(n—1) R
S(n) = (JS/(X)(n—l) Jg(n—l) ) =1I® S(n—l) +P® J/®(n—l)7
(19)

&) (S(n—l) J®(n—1)

0 §(n—1) ) =I®S" V4 Jg jorb,

We introduce the rank core product as defined in [31]. Consider 4-dimensional
tensors A‘;% and ng;,, and explicitly expand the upper indices as

A11 A12 cee Bll B12
A21 AQQ el B21 BQQ . (20)

where each entry is a 2-dimensional tensor. The rank core product "x" of these
two tensors is

All A12 M Bll B12 _
A21 A22 B21 B22

A1 @B +A10By A ®@Bia+ Ay @ By

Ay @B11 + Ay @Bg; Ay @ Bia + Ay @ By '
(21

For connecting this to MPO, consider a 3-dimensional tensor T € R3 and a linear

operator

O:R*— R
Tabc — Z Odef,abc Tabc_ (22)

a,b,c

We define the MPO decomposition of O as

Qabedef _ Z AZdBZEﬁCEf’ (23)
a7/6

which can be written in terms of the rank core product as

O=AxBxC. 24)
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Similarly, we decompose S and S with the rank core product and rewrite Equa-
tion 19 as R
S(n—1)
Jl®(n71) )

gn—1)
Jl®(nfl) )

S =1[I P]w {
(25)
S — I J] [

which indicates that only the first core differs for cyclic and non-cyclic shift MPO.
S can be further decomposed as

A I J §(n—2)
S =11 J] {0 J,} X L@(n_m}

T A T ) P

J/

TV
(n—2)—times

Using S = J we can define

. I J J
A=l P], A=l J], B:{O J,}, C:L,}, (27)

such that
SMW-—AxBKx---xBwxC,

S —_AxBx---xBxC.

It is straightforward to show that a shift in the opposite direction is achieved by
simply interchanging .J with J’ and vice versa in all cores.

The above derivation only produces shift matrices on vectors. However, for
MPS-LBM, we need to shift in all physical dimensions separately. Note that in
Equation 12, the indices are split into binary digits such that the ¢-th bit of each
core corresponds to the ¢-th dimension. Thus, the cores of the shift MPO are to
act on the i-th index only to result in a shift in the -th dimension. This is achieved
by padding the individual cores with identities. Say we want a shift in the first of
three dimensions, then the first core of the respective MPO is

I 0 I 0
AN[O I}N{O I}’ (29)

and analogously B and C are padded.

(28)
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3. Matrix Product States in the Lattice Boltzmann Method

3.1. Lattice Boltzmann Method

The lattice Boltzmann method (LBM) is a mesoscopic model of fluid dynam-
ics, approximating the evolution of macroscopic flow governed by the Navier-
Stokes equations through discretized particle distribution functions f;. The evo-
lution of single components of particle distribution functions is governed by the
lattice Boltzmann equation [32, 33]

filx + c;iAt t + At) = fi(z,t) + Qi(x, 1), (30)

with €; representing the collision operator. This process consists of two steps: (i)
collision, a local relaxation modeling local particle collision by the redistribution
of particles among distribution functions f; (given by the RHS of Equation 30),
and (i1) streaming, which propagates particle distribution functions along the lat-
tice (shifting of space and time coordinates on the LHS of Equation 30). For
simplicity, we employ the BGK collision operator [21] which involves a linear
relaxation with rate 7 towards an equilibrium f;?

At .
with the equilibrium distribution f? defined as
u-c; (u-¢)? wu-u
- =w;ip |1 — . 2
fl (w7 t) pr ( + cg + 20;1 203 ) (3 )

The relaxation time T is determined by the kinematic viscosity v via 7 = % + 5.
Macroscopic quantities such as density p and momentum pw are recovered from
the hydrodynamic moments [34, 35] of these particle distribution functions

Q Q
p:Zfz(wat)a pu:zczfl<mat)a (33)
i=1

i=1
where (Q = |{c;}| denotes the number of discrete microscopic velocities ¢;.

3.2. MPS Lattice Boltzmann Method

The lattice Boltzmann method based on the MPS framework (MPS-LBM)
leverages the mostly local formulation of LBM. Distribution functions f; are spa-
tially discretized on uniform Cartesian meshes. An MPS-decomposition of spatial

14



dimensions enables compression, reducing the number of variables parameteriz-
ing the state with controllable accuracy.

All considered scalar fields, i.e, the particle distribution functions f; and macro-
scopic variables u and p, are discretized on a uniform grid within a computational
domain of spatial dimension D. Following Equation 12 they are brought into
scale-ordered form to enable effective MPS decomposition. Local collision in-
teractions consist mostly of element-wise addition and multiplication, while the
streaming step admits an exact formulation as a low-rank matrix product opera-
tor. As shown in Section 2, these operations can be performed efficiently without
leaving the compressed MPS manifold. The only operation that cannot be di-
rectly handled by the MPS formalism is the computation of velocity « via the first
moment of the particle distribution functions in Equation 33. We approximate
the normalization factor 1/p to circumvent the lack of a closed-form algorithm
for elementwise inversion of an MPS. Sanavio and Succi [36] proposed a Taylor
expansion of this term around the constant value 1 for a Carleman linearization
algorithm of the LBM, which is a suitable approximation for weakly compressible
single-phase flows. We build upon this idea by introducing a second-order Taylor
expansion of 1/p around the global mean density p, at each time step ¢

1 1L dp  (6p) 3
P + 0 ((6p)%), (34)
P po PP ((90)%)

where dp = p — po denotes the density fluctuation. The mean density p, is com-
puted by contracting the p-MPS with a rank-1 unit MPS and normalizing the re-
sult. For weakly compressible flows, the relative density fluctuation scales with
the Mach number Ma as %g ~ O(Ma?) in the limit Ma — 0 [37]. Consequently,

the second-order approximation of 1/p introduces an error that scales as O(Ma®).
The introduced error is several magnitudes smaller than the inherent compress-
ibility error O(Ma?) of the LBM [38]. This approach is validated by numerical
experiments presented in Appendix B. While this approximation is robust within
the weakly compressible regime, its accuracy deteriorates outside of it. For simu-
lations involving large density variations, e.g. multiphase flows with steep density
gradients or fully compressible flows, the condition §p/py < 1 no longer applies,
rendering the low-order Taylor expansion inaccurate.

The runtime of MPS-LBM is dominated by elementwise addition, multipli-
cation, and the application of the low-rank shift MPO. Addition of two MPS is
performed as in Equation 7, which yields bond dimensions on the order of 2.
Reducing the bond dimension via an iteration of singular value decompositions

15



(SVD) introduces a complexity scaling of O (nx?) for this operation, where n is
the length of the MPS determined by the grid resolution. As shown in Section 2.5,
the bond dimension of shift MPO is y < 3, and hence the application of shift
MPO to MPS followed by an iteration of SVD also results in a scaling of O (nx?).
Following our discussion in Section 2.3, elementwise multiplication of two MPS
scales as O (nx*). In total, we find that our algorithm is dominated by element-
wise multiplication and thus exhibits an overall cost scaling of O (nx*) matching
the asymptotic runtime of previous quantum-inspired approaches to CFD. Note
that any of the aforementioned primitives can be straightforwardly substituted
with further improvements in terms of MPS operations and their implementa-
tion in high-performance libraries. We provide the results of numerical runtime
experiments on current GPU hardware in Appendix C.

3.2.1. Masking of Objects and Boundaries

In lattice Boltzmann simulations, the computation of immersed objects or
non-periodic boundary conditions requires localized computations that only af-
fect cells on the edge of the domain or cells at the boundary of an object. In
conventional implementations, these nodes are readily accessible via explicit in-
dexing. However, the inherently non-local and compressed structure of MPS rep-
resentations prevents direct access to individual boundary cells. In MPS-LBM,
a combination of non-cyclic shifts and low-rank binary MPS marking boundary
cells is employed to enable boundary-specific computations.

Non-Periodic Boundaries. Non-periodic boundaries are treated by replacing the
cyclic shift matrices S used in the streaming step with non-cyclic ones S at the
corresponding boundaries. Upon shifting, this introduces zero rows on the set of
boundary cells B corresponding to particle distributions originating from outside
of the computational domain. Inside the domain, S continues to perform shifts
consistent with the streaming operation. We employ a binary mask m3, that is 1
for all x € B, and 0 elsewhere. If x; = 0 (z; = N) is a periodic boundary and
a;q = 1 (a; ¢ = —1) for some d, then modified streaming

D
= <®S(%d)> I (35)
d=1

is applied. Otherwise we apply

D
fE = mEb(fE, ppywp) (@S @id ) (36)

d=1

16



Here, b( I, b, uy,) denotes a general boundary function that computes the appro-
priate values based on the incoming distribution f”, boundary density p;, and
velocity u,,. For a no-slip boundary [39, 40] the function bp,.gip 1S given by the
bounce-back rule as

bno-slip(f;;ma Pb, ub) = fgm (37)
Dirichlet boundaries with prescribed velocity u, are given by
2’[1)1'
bvelocity(fgm’ Phbs ub) = f;m - prci * Uy, (38)

where py is the density at the boundary. We set p, = pg, assuming weak com-
pressibility in the computational domain. Outlet boundaries [41] are computed by
describing a wall density p, and using the velocity u(x € B,t) = u,

ci-up)?  up-u
bpressure(ff,ﬂb,ﬂb) = _f;m + 2w1pb <1 —+ ( b) _ b)

2cd 2¢2 39)
Immersed Objects. For immersed objects, we apply the same no-slip condition as
defined in Equation 37. However, unlike the approach used for non-cyclic bound-
aries in Equation 36, we do not modify the streaming step directly. Instead, we
allow the streaming to proceed as if no obstacles were present, and subsequently
reverse the streaming for the solid internal boundary cells. This reversal is con-
ditioned by a binary MPS mask mg, which takes the value 1 at all cells z € O
inside the object and 0 elsewhere.

The implementation is

D
fE= (L=mg) 7+ <® S(ai,d)> me [ (40)
d=1

While the multiplication with mJ ensures bounce-back, 1 — mg, deletes the
remaining non-zero entries inside the solid object.

4. Experimental Setup

4.1. Test Settings

In LBM, a unit conversion from physical to lattice units is applied. For all
experiments, this conversion is given by the velocity conversion factor Au =
Uphysical U

e = Mas- Length is discretized using Ax = % and the time step is deter-

mined by At = ﬁ—z. Here, uy is the characteristic velocity of the flow problem, L
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is the side length of the domain, and /N is the number of lattice sites per side. Two-
dimensional and three-dimensional simulations use the D2Q9 and D3Q15 lattice
schemes, respectively, which define the lattice speed of sound as ¢, = 1/1/3.

The three-dimensional Taylor-Green vortex (TGV) is defined on a cube of
edge length L = 27 and a characteristic velocity vy, = 1 with initial conditions

u(z,y,z) = —sin (x) cos (y) cos (2) ,

v(x,y, z) = cos (x)sin (y) cos (z),

w(z,y,z) =0, (41)
ple,y,z) =1+ 162u2 (cos (2x) 4 cos (2y)) cos (22) .

In accordance with similar experiments in [42, 12], we define the Reynolds num-
ber as Re = ;‘;—ﬁ All 3D TGV simulations were conducted with Ma = 0.1/c¢4 ata
resolution of N3 = 2563.

a) b)

X [mm]

inflow

Figure 5: Setup of the aneurysm simulation. a) Time-dependent magnitude of the flow velocity
at the inflow. The simulations were performed until ¢ = 0.25s depicted by the solid line. For
reference, the dotted line shows the remaining part of the 1s heartbeat cycle. b) Full geometry as
used in the aneurysm test case. The time-dependent inflow is at z = 0, and the outflow boundary
isaty = 0.

To ensure realistic flow conditions within the aneurysm geometry, we base
our simulation parameters on those reported by Horvat et al. [43], with appropriate
adjustments to account for the specifics of our computational setup. The velocities
averaged over the inflow surface, ranging between 0.1 m/s and 0.34 m/s, are
approximated by vi,(t) = 0.1 + 18t"%¢71% m/s (see Figure 5a). The domain
is a cube of edge length 8 mm discretized at a resolution of N3 = 643. The
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idealized aneurysm geometry is shown in Figure 5b. The aneurysm has a size of
approximately /,, ~ 4mm. The relaxation time is given by 7 = Izlj—f)\g, where
up =~ 0.78 m/s is the maximum velocity observed at the center of the blood vessel
during simulation. The viscosity was adjusted to v = 1.12 x 107® m?/s to ensure
numerical stability of the computational setup. This results in a Reynolds number
of Re = l% ~ 280. As an initial condition for the particle distribution functions,
a stationary flow was precomputed using a constant inflow velocity of 0.1 m/s

over a duration of 0.15 s.

a) b)
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Figure 6: Setup of the pin-fin heat sink simulation. a) Time-dependent magnitude of the flow
velocity at the inflow. b) Full geometry as used in the pin-fin test case. The time-dependent inflow
is at x = 0, and the outflow boundary is at x = L.

In developing the parameterization of the pin-fin heat sink, we follow [44].
To ensure applicability across a range of geometric length scales, the heat-sink
configuration is defined on a normalized cubic domain of edge length L (see Fig-
ure 6b). The simulation is initiated with a vanishing velocity field, and the in-
flow velocity is ramped up as i, (t) = ug (1 — exp(—1.5¢)) (see Figure 6a). The
Reynolds number is Re = % = 400 with respect to the distance between the
layers of pins lj,yer = L/8 and the maximum velocities occurring towards the end
of the simulation of around ., ~ %uo. The simulations were run up to ¢t /7y = 5

with Ty = L/ u.
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4.2. Quantitative Metrics

We evaluate the MPS-LBM accuracy using the relative error of the macro-
scopic velocity field w in the 1*-norm given by

\/Zd,cc (Ud,z — ZA‘d,w)Q

7
\/ Zd,m u?l,z

where ug 4 is the result of MPS-LBM, index d is the spatial dimension of the
velocity field at position & and 444 is the reference result.
The total kinetic energy F;, for TGV is given by

(42)

612 ==

pVe
Biin = =5° de uZ o, (43)

where V. is the volume per lattice site. Density is p = 1/L3 such that the to-
tal mass is normalized to 1. The total energy dissipation —%Ekm is numerically
evaluated using second-order finite differences.

Pressures p are normalized in terms of the prescribed pressure at the outflow
po and averaged over the unmasked parts of the region of interest D

1
Apfpo = ——= " (ps — po). 44
p/Po polD] 2 (pz — Po) (44)

In the aneurysm case, we average over the region around the aneurysm 0.53L <
x<097L,0.39L <y < 0.93L,0.33L < z < 0.69L. In the pin-fin configuration,
we are interested in the pressure drop from inflow to outflow, so we average over
the inflow region 0 < = < 2L/256,0 <y < L/2,0 < z < L/2.

The compression ratio CR is

NVPS,¢
R =
¢ NVPS ’
where the number of variables parametrising the solution (NVPS) of a component

of the standard LBM on a (2")? grid is NVPS; gy = (2")”. For MPS-LBM, it is
given as

(45)

NVPSyps = > min ((213)2“1 2Py ,x> %20 xmin ((2’3)" (2P)" x) .
=1

(46)
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Figure 7: Results of the 3D Taylor-Green vortex. a) Vortical structures, identified by the Q-
criterion isosurfaces, are shown at four distinct times ¢/Ty = 0.2,0.8,1.4,2 for LBM on 256>
mesh, MPS-LBM with x = 256,128, 98, 64, and a coarse LBM. b) Total kinetic energy dissi-
pation —%Ekin, colored solid lines depict MPS-LBM results, solid black line fine LBM, dotted
black line coarse LBM. ¢) The relative 12 error ¢2 with respect to fine LBM. Solid colored lines
represent MPS-LBM, dotted black corresponds to coarse LBM. For comparison, the values of fine
LBM with second-order approximation of 1/p are given as the dashed black line.

5. Results

5.1. Three Dimensional Taylor-Green Vortex

We simulate the three-dimensional Taylor-Green vortex (TGV) at a Reynolds
number of Re = 800 on a grid of size 2563. To investigate the impact of com-
pression on simulation accuracy, we conduct experiments using MPS-LBM with
different bond dimensions y = {256, 128, 98, 64 }. Reference results are obtained
using three configurations: (i) a fine LBM on a 256® mesh, (ii) fine LBM with a
second-order approximation of 1/p on 2563 mesh, and (iii) coarse LBM on a 1283
mesh.

Figure 7a depicts all simulation results at four different times ¢ /7y = 0.2, 0.8,
1.4,2.0, where Ty = L/ug. Here, u denotes the maximum velocity magnitude
in the initial conditions, and L is the edge length of the domain. All simulations
capture the large-scale structures at time ¢ /7 = 0.2 well. The solution trajectory
deviates from the reference for x = 64 at¢/7Ty = 0.8 and for y = 98att/T, = 1.4,
as compression prohibits the formation of smaller-scale structures that emerge
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later in the flow. Simulations using y = 128 and y = 256 reproduce all relevant
details throughout the simulation, with y = 128 showing only minor deviations
from fine LBM. In comparison, the coarse LBM falls between the MPS-LBM
results with y = 256 and with y = 128.

In Figure 7b, the energy dissipation —%Ekin is shown. All simulations qual-
itatively follow the fine LBM and produce physically consistent behavior. The
simulation with y = 64 deviates significantly from the baseline, with the largest
errors near the dissipation peak. All MPS-LBM simulations show slightly ele-
vated dissipation before the peak at /Ty ~ 1.3, while the under-resolved 1283
LBM exhibits the highest dissipation, marked by a sharp peak at t/T; = 1.4.

Figure 7c shows the relative error in the L?-norm ¢z of the macroscopic ve-
locity field for all simulation cases compared to the reference LBM result. As an
additional reference, the error of fine LBM with second-order approximation of
1/p is included. This comparison helps to distinguish the influence of MPS com-
pression from that of the 1/p approximation. At ¢/Ty = 0.2, the curve for y = 64
already separates from the second-order approximation, while higher bond dimen-
sions introduce no noticeable additional inaccuracies. This changes at ¢ /T = 0.8,
where simulations with lower bond dimensions exhibit higher errors. From that
point onward, all simulations show a gradual increase at error, with approximately
half an order of magnitude separating xy = 64, x = 98, and xy = 256. The coarse
LBM starts with a substantially higher initial error. However, it matches y = 64
att/Ty = 0.8 and x = 98 at t/T;, = 1.4. The final error at /Ty = 2 is close to
that of MPS-LBM with a bond dimension of xy = 128.

For bond dimensions y = 256 and xy = 128, the compression ratios are
CRys6 ~ 13 and CRp5 ~ 42, respectively. A 1283 grid yields CR ~ 8, while
X = 98 achieves CRgg = 64, equivalent to a 64° grid. Lower grid resolutions are
infeasible due to stability issues arising from a small relaxation time 7. These re-
sults demonstrate that MPS-LBM outperforms simple grid-size reduction in both
accuracy and compression efficiency.

5.2. Aneurysm

To demonstrate the versatility of MPS-LBM, we simulate blood flow through
an aneurysm using time-dependent boundary conditions and a complex geometry
encoded via a precomputed MPS boundary mask. Simulations were performed
on a 642 grid with bond dimensions y = 104, 103, 102, 101, 100 and compared to
uncompressed LBM with exact 1/p and 2nd-order 1/p approximated. To isolate
the effect of compressing the flow field on the overall accuracy, the mask bond
dimension was fixed at yn.x = 98, which is sufficient to represent the full 643
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Figure 8: Results for flow through a 3D aneurysm. a) Streamlines of the flow at t =
0.05,0.15,0.25, for the fine LBM (first column) and MPS-LBM at x = 104,102,100 (columns
2-4). b) Normalized pressure difference Ap/py averaged over the region of the aneurysm. ¢) Rel-
ative 12 error ¢z with respect to the fine LBM. Solid colored lines represent MPS-LBM, the solid
black line fine LBM, the dashed black line fine LBM with second-order approximation of 1/p.

mask to machine precision. The simulation captures the first quarter of a one-
second heartbeat, including peak inflow dynamics.

Streamline plots from the LBM simulation at ¢ = 0.05,0.15,0.25 are shown
in the first column of Figure 8a. Att¢ = 0.05, the flow exhibits a weak vortical
pattern with low velocities. By ¢ = 0.15, near peak inflow, the vortex intensifies
with higher velocities. At ¢ = 0.25, the structure persists but weakens. Compared
to this baseline, MPS-LBM at y = 104 yields nearly identical results. Cases with
bond dimensions of y = 100 and y = 102 exhibit distorted vortex structures
within the aneurysm and fail to reproduce its detailed flow features.

As arelevant measure, we show the average pressure Ap/py inside the aneurysm
normalized with the prescribed outflow pressure in Figure 8b. The standard LBM
shows a smooth increase of pressure towards the peak inflow at ¢ = 0.15 and a
slight decrease afterwards. Att¢ = 0.05, the pressures obtained with MPS-LBM
at Y < 101 diverge from the baseline. At higher bond dimensions, MPS-LBM
results are nearly indistinguishable from standard LBM. This suggests that the re-
produced vortex structures at Y = 102 can maintain relevant physical aspects of
the flow.

The 12 error €2 in Figure 8c supports these observations. For y = 100 and 101,
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Figure 9: Results for flow through a pin-fin configuration. a) Streamlines of the flow at t /T, =
0.33,0.83, 5.0, for standard LBM (first column) and MPS-LBM at x = 128, 64, 32 (columns 2-4).
b) Normalized pressure difference Ap/py averaged over the inflow region. c¢) Relative 1%-error
€2 with respect to the standard LBM. Solid colored lines represent MPS-LBM, solid black line
standard LBM, the dashed black line standard LBM with second-order approximation of 1/p.

errors exceed 0.2 and remain high throughout the simulation. At y = 102, errors
drop by nearly an order of magnitude, and at y = 103 they stabilize around 1073.
With x = 104, MPS-LBM becomes indistinguishable from LBM with second-
order 1/p approximation, indicating that MPS compression does not introduce
significant additional error at this bond dimension.

Notably, the bond dimension y of the MPS decomposed particle distribution
function must exceed X m.x by only a small margin to achieve vanishing errors.
However, as x approaches Xmas, the simulation results quickly deviate strongly
from the reference, suggesting that y .k serves as a lower bound for computation-
ally meaningful x. At y = 104, a compression ratio of CR;g4 ~ 2.3 is achieved.

5.3. Pin-Fin Configuration

A pin-fin array, commonly used in industrial heat exchangers, exhibits trans-
lational symmetry and achieves high compression rates with MPS-LBM. Simula-
tions were conducted on a 256° grid. We compare MPS-LBM with bond dimen-
sions y = 128,64, 32 to standard LBM with exact and 2nd-order 1/p approxi-
mation. The mask bond dimension was set t0 Xn.x = 16 to ensure machine-
precision accuracy. Inflow velocity ramps from zero to u;, = 1, and simulations
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run until ¢/Ty = 5, where Ty = L/u;,, allowing the flow to become steady. The
resulting vortex structures reveal that the flow becomes increasingly complex at
higher Reynolds numbers.

The streamline plots in Figure 9a depict the velocity field of uncompressed
LBM and MPS-LBM simulations. At startup ¢ /7T, = 0.33, all simulations capture
the flow accurately. By ¢/7Ty = 0.83, vortices begin to form above the inflow,
which are resolved by simulations with y > 64. At the final time t/7; = 5, all
cases except x = 32 reproduce detailed velocity structures, including the inflow
vortex. The y = 32 simulation fails to capture these features.

The normalized pressure drop Ap/py from inflow to outflow is shown in Fig-
ure 9b. All simulations accurately predict the pressure drop up to t/T, = 0.33.
Beyond this point, x = 32 overshoots, following the overall trend but overes-
timating even after convergence to the steady state. Other simulations track the
reference closely, with x = 64 slightly overshooting and x = 128 matching the
pressure drop exactly.

Figure 9c¢ shows a clear separation with respect to the examined bond dimen-
sions in terms of the 12-error €2 of the velocity field. Y = 32 stabilizes around 0.5,
x = 64 around 0.2 and xy = 128 at 0.1. The error of the standard LBM with 2nd-
order 1/p approximation lies below 1073, clearly showing that in this test case,
the errors are dominated by the MPS decomposition.

Putting this in relation to the achieved compression, we find that at y = 64
with a compression ratio of CRgy ~ 120, MPS-LBM maintains an accuracy of
95% in terms of the inflow-outflow pressure difference. At a compression of
CRq2s =~ 42 with x = 128 the deviation becomes negligible. Although the
exact time evolution of the velocity field is not captured by compressed simula-
tions, cases with x > 64 reproduce the pressure difference accurately, indicating
that even with high compression rates, the underlying physics is preserved from
startup to steady state.

6. Discussion

Quantum-inspired lattice Boltzmann based on matrix product state decom-
position (MPS-LBM) addresses the memory bottleneck of LBM while it pre-
serves high accuracy even for complex flow configurations. By compressing
the MPS representation, MPS-LBM allows for substantial reductions in mem-
ory without altering the main algorithmic or grid structure. The method supports
standard inflow/outflow boundary conditions and can handle arbitrary complex
three-dimensional geometries within the computational domain, which was not
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demonstrated with MPS-based approaches before. Its capabilities are demon-
strated through three 3D simulations designed to benchmark accuracy, flexibility,
and compression performance.

The Taylor—Green vortex benchmark under varying compression ratios demon-
strates that already at CRgg = 64, the temporal evolution of the kinetic energy is
accurately reproduced. With CRg5¢ = 13, fully resolved benchmark data are re-
covered. Complex geometries can be handled, as shown in the example of the
flow in an aneurysm. The compression ratio of the complex geometry mask im-
poses a lower bound on the achievable compression of the fluid domain, while
only a modest increase in bond dimension beyond that of the mask is required
to reproduce the flow accurately. A pin-fin array geometry represents the prac-
tical application to a heat exchanger. Exploiting translational symmetry in the
boundary mask, MPS-LBM achieves high data compression with accurate predic-
tions. For instance at CRgy = 120, pressure drop error is less than 5%, while at
CRi2s = 42 reference data are recovered. While there is not a definitive way to
determine a suitable choice of x a priori, our results strongly indicate that the bond
dimension necessary to accurately represent the geometry marks a lower bound.
Apart from that further research is necessary to develop heuristics for the choice
of y or methods for automated adaptation. We anticipate that MPS-LBM delivers
high computational performance in settings where the compressibility of transla-
tional symmetries (see Appendix D for further details) can be exploited to reduce
computational cost without compromising accuracy, thereby enabling simulations
that would otherwise be infeasible due to computational constraints.

Due to the weakly compressible formulation, MPS-LBM does not require iter-
ative solutions of a Poisson equation. Instead, it relies exclusively on element-wise
operations within the MPS decomposition, which ensures that any algorithmic
improvements to fundamental MPS operations translate directly into performance
gains for MPS-LBM. The modular structure of the underlying LBM framework
naturally supports algorithmic extensions, increasing the applicability of MPS-
LBM. Heat transport [45], including heat transfer, can be incorporated. Multi-
relaxation-time schemes [46] enable higher Reynolds numbers, while multiphase
flow models [47] extend the method to chemically relevant systems. Because the
MPS decomposition introduces only minimal changes to the core LBM architec-
ture, such extensions are straightforward while significantly expanding the range
of MPS-LBM applications.

Another promising direction involves optimizing the decomposition of the bi-
nary geometry mask. Instead of minimizing the standard 1>-norm via singular
value decomposition, alternative metrics such as the Hamming distance may be
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employed. Ideally, the decomposition scheme ensures that the contracted MPS
mask remains binary. Advances in this area enable accurate simulations at even
higher compression ratios, further extending the efficiency of MPS-LBM.
Finally, the lattice Boltzmann method has recently attracted attention as a can-
didate for fluid simulations on quantum computers [36, 48, 49]. One of the pri-
mary challenges remains the treatment of collision, which is an active area of
research [50]. MPS-LBM, particularly the results presented in section B of the
supplementary information, reduces this nonlinearity to element-wise multiplica-
tions with minimal loss of accuracy. More importantly, our results show that low-
rank operations suffice to impose structured geometries onto LBM simulations,
implying the feasibility of efficient implementations on quantum hardware.
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Appendix A. Two-Dimensional Test Cases

We simulate three benchmark cases: lid-driven cavity, flow around a cylinder,
and flow through a porous medium. Each case is computed using both standard
LBM and MPS-LBM algorithms at mesh resolutions of 1282

All three scenarios are depicted in Figure A.10. The bond dimension for all
cases is Y = 16, which corresponds to a compression ratio of CR = 4.53. The
lid-driven cavity is evaluated at time ¢ = 1050 on a square domain with side
length L. The fluid is initially at rest and driven by the top boundary moving at
constant velocity, the Reynolds number is Re = 800. The flow around a cylinder
of diameter d is simulated at Reynolds number Re = =% = 6. The domain has

v

. . . . . 5 L .
edge length L = 16d, and the velocity magnitude is shown at ¢ = Su Finally,
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Figure A.10: Velocity magnitude and density of three common 2D test cases. Shown from left
to right: lid driven cavity, vortex street, and porous media. Top row shows standard LBM simula-
tion, bottom row MPS-LBM at x = 16 (CR = 4.53). Color map indicates velocity magnitude /
density.

flow through a porous medium is driven by a constant volume force (F, F}))T =
(0.24, —0.1)" N/m?. Following the Shan—Chen forcing scheme [52], forces are
incorporated via a perturbation term in the macroscopic velocity, which enters the
equilibrium distribution function as

1 F
U:;Zfﬁ-%, (A.1)

where we apply the same second-order approximation for 1/p. The maximum
velocity reaches .., and the depicted velocity magnitude is shown at ¢t = 5uL .

max

For all three scenarios from the reference, a bond dimension of y = 16 is suffi-
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cient to capture the flow dynamics with high fidelity. Only minor deviations are
observed in the porous media and cylinder flow case.

Appendix B. Approximation of Inverse Density
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Figure B.11: Scaling of the 1°-error ¢ with Mach number Ma. Results are from simulations
of the 2D Taylor-Green vortex at different Ma. Solid colored lines show the error introduced by
varying orders of approximation of 1/p with respect to the standard LBM. The dashed black line

depicts the error of standard LBM with respect to the analytic solution of the TGV. Dotted lines
indicate the respective linear fit.

We conducted a series of two-dimensional Taylor-Green vortex (TGV) sim-

ulations with edge length L = 2, characteristic velocity ug = 1, and initial
conditions

u(z,y) = —sin (z) cos (y) ,

v(z,y) = cos (x)sin (y), (B.1)

p(r.y) =1+ ﬁ (cos (22) + cos (2))

The Reynolds number was set to Re = % = 125. To maintain constant Re while
varying Ma, the relaxation time was scaled as 7 = 0.5+ éV I‘é‘z , with NV = 256 cells
per spatial dimension. k

The results obtained using Taylor expansions of 1/p up to third order were
compared with standard LBM solutions and the analytical solution of the 2D TGV.

In Figure B.11, the colored lines show relative errors of the flow fields in the 12-
norm €2 (see Section 4.2 in the main text) of LBM utilizing Taylor expansions of
varying order for 1/p compared to the standard LBM in a log-log plot. The dashed
black line indicates €2 of the exact LBM compared to the analytic solution. Dotted
lines show a linear fit to the respective data in log-log representation. Overall, the
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Table B.1: Fitted exponents of the scaling of ¢z with Mach number.
Exact 1st 2nd 3rd

Exponent 2.059 2401 4.513 6.457

second-order approximation offers a favorable trade-off between computational
efficiency and numerical accuracy relative to the standard approach.

The scaling exponents derived from these numerical experiments are summa-
rized in Table B.1. These were computed via a least squares method. The function
2(Ma, o, B) = aMa” was fitted to the computed set of data (e, May,) by mini-
mizing the sum of squared residuals

min > (e — e (May, o 3)°. (B.2)

Appendix C. Runtime Measurements
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Figure C.12: Runtime scaling of a) D3Q15 MPS-LBM with respect to the number of lattice sites
b) and the maximum bond dimension.

In this subsection, we provide data on measured runtimes and discuss them.
For all measurements, we performed 100 time steps of the D3Q15 MPS-LBM to
compute the mean and standard deviation. In- and outflow conditions, as well
as a geometry mask, are enabled. Tensor manipulations were implemented us-
ing the Python packages JAX [30] and opt_einsum [53] and all simulations were
conducted on an NVIDIA A100 GPU with 80GB of VRAM.

In Figure C.12a, the scaling with respect to the number of lattice sites N = 8"
1s shown, where n is the number of sites in each MPS for different bond dimension
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X € {16,64,128}. The expected linear scaling in n is clearly visible. The only
deviation at N = 8 and N = 8 for y = 128 is explained by the fact that MPS
of these sizes are already exact at a bond dimension of 64, and MPS-LBM hence
operates on MPS smaller than the allowed maximum bond dimension of xy = 128.

The scaling with the bond dimension, shown in Figure C.12b, is more com-
plex. The scaling with x* cannot clearly be discerned due to an inconsistency
between y = 128 and xy = 160, as well as between y = 224 and y = 256. Pre-
sumably, these irregularities originate from GPU saturation effects or optimization
decisions made by the compiler of JAX [30].

0.4 1
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8 8 8 8 8 8 S &

number of lattice sites &

Figure C.13: Runtime comparison with the reference LBM. a) Time in seconds per step in-
cluding extrapolations (dashed lines) of the runtime crossover of MPS-LBM and the reference. b)
Comparison of the fraction of time spent in the collision, streaming and the handling of obstacles
and boundaries.

As comparison with the reference LBM Figure C.13a shows runtimes on a
log-scale. Initially the reference LBM is several orders of magnitude faster. After
saturation effects of the GPU below N = &7, the data exhibits the expected expo-
nential growth. Dashed lines show the extrapolation of our data beyond N = 8°.
Given our implementation the data suggest that for moderate y, MPS-LBM ex-
hibits a runtime improvement at system sizes larger than 8''. It is important to
note that this observation depends on specific implementation and hardware.

Additionally, in Figure C.13b the fraction of time spent on the collision step,
the streaming step and the handling of boundaries and obstacles respectively, is
shown for various n. In the reference LBM collision and handling of obstacles and
boundaries have a similar cost, while the streaming takes roughly half as much
time. In MPS-LBM the cost of the collision increases compared to the reference,
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marking this operation a candidate for future improvement. These observations
do not vary significantly with varying n.

Appendix D. Symmetric Geometries in Matrix Product State Decomposition

Mouter Minner
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Figure D.14: Combination of masks on separate length scales.

We examine the relation between MPS decomposition and translationally sym-
metric geometries using an explicit example, and show that the approach general-
izes to realistic cases. Consider a geometry with separation of large- and small-
scale structures. We consider an inner geometry represented as a binary mask
Minner Of Tesolution 287, repeated according to an outer mask 74y¢e; on a 22 grid.
The combined mask inserts the inner geometry at each site where moyter = 1,
leaving other sites zero. An example is shown in Figure D.14, where the inner
mask is a circle on a 642 grid, arranged in the repetition pattern defined by an
outer mask on a 322 grid. For simplicity, in 1D the value at position z is given by

. [=/2"]

o z mod 2F
combined — Mouter

m Myinner - (mouter X minner)x- (Dl)
Thus, it is straightforward to see that the combined mask is in fact the tensor
product of the outer and inner masks. To relate this structure to MPS, we examine

the index representation. Consider the scale-ordered decomposition

=x... S N A 1.
5'31 5511 ID 1 1 D D (D.2)
— bl...bD...b?...%:wl...wn7
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as used in Section 2 of the main text. Let us denote the scale ordered indices of
Minner ANd Moyter S Lin — U7 . . . U and oy — V1 . . . v; and consider both masks
to be MPS decomposed, then we can write out the tensor product as

V1...0]
outer

ut... Uk
inner

= ) (ADZ (AL By (B
{a}.{8)

LToutLin __
(mouter & minner) owtin = m m

(D.3)
Therefore, the maximum bond dimension of the combined mask equals the larger
of the two masks Xcombined = MaxX(Xouter, Xinner)- 10 the example shown in Fig-
ure D.14, the combined mask has a resolution of 20482 and is accurately repre-
sented as an MPS with Xcombinea = 26. Together with the results from our sim-
ulations, this suggests that MPS-LBM would produce physically accurate flows
around x ~ 64 (CR ~ 46). This construction directly relates to the pin-fin sce-
nario, where the inner mask defines a single pin-fin and the outer mask specifies
the array layout. The concept generalizes to other applications.
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