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Subsumption Algorithms for Concept
Languages

Bernhard Hollunder Werner Nutt

German Research Center for Artificial Intelligence
Postfach 2080
D-6750 Kaiserslautern, West Germany

e-mail: {hollunde, nutt}@informatik.uni-kl.de

Abstract

We investigate the subsumption problem in logic-based knowledge
representation languages of the KL-ONE family and give decision pro-
cedures. All our languages contain as a kernel the logical connectives
conjunction, disjunction, and negation for concepts, as well as role
quantification. The algorithms are rule-based and can be understood
as variants of tableaux calculus with a special control strategy.

In the first part of the paper, we add number restrictions and con-
junction of roles to the kernel language. We show that subsumption in
this language is decidable, and we investigate sublanguages for which
the problem of deciding subsumption is PSPACE-complete.

In the second part, we amalgamate the kernel language with fea-
ture descriptions as used in computational linguistics. We show that
feature descriptions do not increase the complexity of the subsumption
problem.
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1 Introduction

Concept languages of the KL-ONE family are a means of expressing taxo-
nomical knowledge by describing hierarchies of concepts [BL84, Pat84, BS85,
BPGL85, KBR86, Vil85, MB87, NvL88, Neb89]. In contrast to earlier knowl-
edge representation formalisms like frames and semantic networks, KL-ONE
languages have the advantage of a Tarski style declarative semantics that
allows to conceive them as sublanguages of predicate logic [BL84]. Con-
cepts are intended to be descriptions of classes of objects. Essentially, such
a description is given in terms of primitive classes and attributes of objects.
A related family of formalisms emerged in computational linguistics with
unification based grammars. Here, constituents of sentences are described
in terms of attributes (so-called features) and their values [Sh86, Smo88].
Recently, concept languages have been investigated as a means to describe
object oriented data models [BBMR89].

A concept is built up of two kinds of primitive symbols, concepts and roles.
An interpretation interprets them as subsets of a domain and binary relations
over the domain. These primitives can be combined by various language
constructs yielding complex concepts, which again are interpreted as subsets
of the domain. Different languages are distinguished by the constructs they
provide.

Examples for primitive concepts may be person and female, examples for
primitive roles may be child and female_relative. If logical connectives like
conjunction, disjunction, and negation are present as description constructs,
one can describe the concept of “persons that are not female” by the expres-
sion

person N ~female.

Conjunction, disjunction, and negation are interpreted as set intersection,
union, and complement. Most languages provide quantification over roles
that allows for instance to describe the concepts of “individuals having a
female child” and “individuals for which all children are female” by the ex-
pressions

Jchild.female and Vchild.female.

Number restrictions on roles denote sets of individuals having at least or at



most a certain number of fillers for a role. For instance,
(> 3friend) M (< 2child)

can be read as “all individuals having at least three friends and at most two
children.” We also provide a role-forming construct, namely conjunction of
roles, that allows for instance to define the role

child M female_relative,

which intuitively yields the role “daughter.” It is straightforward to give a
formal semantics to role quantification, number restrictions and role conjunc-
tion that captures the intuitive meaning.

Only recently, the close relation between KL-ONE-languages and feature
formalisms has been pointed out [Smo88]. In this paper we introduce a lan-
guage that encorporates both KL-ONE-one constructs and features. Features
are functional roles, that is they are supposed to have at most one filler.
Natural examples for features may be father and first_name. The selection
operator for features can be used to describe the concept of “all individuals
whose father has at most one child” by the expression

father.(< 1child).

Agreement of feature chains allows to describe “all individuals whose father
and grandfather have the same first name” by the expression

father first_name = father father first_name.

Interestingly, agreements of feature chains are computationally tractable,
whereas agreements of arbitrary role chains czuse undecidability [Sch89].

Concepts implicitly form a hierarchy: a concept C is subsumed by a
concept D if in every interpretation the set denoted by C' is a subset of
the set denoted by D. The basic reasoning facility provided by a KL-ONE
system is a subsumption checker. For a long time, the KL-ONE community
was content with sound, but incomplete subsumption algorithms. Such an
algorithm delivers a correct answer when given C' and D such that C is
not subsumed by D, but sometimes fails to recognize that one concept is
subsumed by another one.



Until recently, a decision procedure was only known for the rather trivial
language F L™, offering as constructs conjunction, VP.C, and 3P.T ,where
P may be a primitive role and T is a concept denoting the entire domain of
an interpretation [BL84]. Several complexity results showed that already for
scemingly slight extensions of FL~ the subsuraption problem is co-NP-hard
[LB87, Neb88]. Other work identified languages with undecidable subsump-
tion problem [Pat89, Sch89, Sch88].

The first nontrivial subsumption algorithm was given by Schmidt-Schaufl
and Smolka [SS88] for the language ALC, which extends L~ by allowing
for arbitrary logical connectives and role quantification as constructs. The
algorithm is even optimal, since it requires linear space and they show that
subsumption checking in ALC is PSPACE-complete.

In contrast to former subsumption algorithms, their algorithm is formu-
lated as a satisfiability checking algorithm. An interpretation Z is a model of
the concept C' if C' denotes a nonempty set in Z. A concept is satisfiable if it
has a model and unsatisfiable otherwise. A satisfiability checking algorithm
also yields a subsumption checking algorithm, since C' is subsumed by D if
and only if C' =D is unsatisfiable.

The purpose of this paper is twofold. First, we give satisfiability—and
therefore subsumption—checking algorithms for substantial extensions of the
language ALC. These extensions include number restrictions (ALCN'), role
conjunction (ALCR), and features (ALCF). The algorithms for these three
languages require polynomial space. Since the corresponding problems gen-
eralize the satisfiability problem for ALC, which is known to be PSPACE-
complete, these algorithms can be considered optimal. Furthermore, we give
a procedure to decide satisfiability for ACCNR, a language that contains
both number restrictions and subroles.

Second, we want to show that there is a general technique of devising
subsumption algorithms for most of the languages that have been reported
in the literature. The declarative semantics of concepts allows to view prim-
itive concepts as unary predicates and primitive roles and features as binary
predicates. This identification can be extended to concepts by associating
to every concept (" a predicate logic formula ¢c(z). For instance, to the
concept

(' = Jchild.female M Vchild.person



corresponds the formula
éc(x) = Jy.(child(z,y) A female(y)) A Vz.(child(z, z) — person(z)).

A model of the formula Jz.¢¢(2) is a model of the concept C' and vice versa.
In particular, C' is unsatisfiable if and only if 32.¢¢(z) is unsatisfiable.

A careful analysis shows that first order tableaux calculus [Sm68] always
terminates for such formulas, and exhibits a model if the formula is satisfi-
able, or produces obvious contradictions if the formula is not satisfiable. In
particular it follows that a formula 3z.4c(2) has a finite model if it has a
model at all. Based on this observation one could devise a simple minded
satisfiability checker that consists of two components: a refutation theorem
prover and a procedure that for a given formula enumerates all finite inter-
pretations and tests whether they are models. If both processes start with
input 3z.¢c(2) and run in parallel, the theorem prover will eventually find
out that that formula is unsatisfiable if it is, and the interpretation tester will
eventually exhibit a model if there is one. The tableaux calculus combines
the characteristics of both processes.

The algorithmic technique which we propese basically consists in apply-
ing tableaux calculus with some control strategy to formulas obtained from
concepts. The algorithms are described by takbleaux calculus like rules oper-
ating on so-called constraints, which directly correspond to logical formulae.
The control is incorporated into the conditions that allow to apply the rules.
The idea of a rule based calculus operation on constraints was already under-
lying the calculus in [SS88], although its presentation obscured its intimate
relation to tableaux calculus.

We feel that this technique could be applied as well to other KL-ONE-
language constructs that have not been considered in this paper, like inverse
roles or agreement of roles. Conversely, an algorithm for a very general lan-
guage, like ACCNR or ALCF, can be used as a starting point to devise
algorithms for sublanguages. Finally, complexity results show that the al-
gorithms obtained using this technique are often optimal. For instance, the
ones described in this paper require polynon:ial space and solve PSPACE-
complete problems.

In the next chapter we formally introduce syntax and semantics of the
language ACCNR. In chapter 3 we give a satisfiability checking algorithm for
the entire language. In chapter 4 we consider two sublanguages of ACCN'R
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and show that their satisfiability—and therefore subsumption—problems are
PSPACE-complete. Finally in chapter 5 we amalgamate the language ALC
with features and give a satisfiability checking algorithm for this language.

2 Concept Languages

In this section we introduce syntax and semantics of the concept language
ALCNR, which contains arbitrary logical connectives for concepts, role
quantification, number restrictions, and intersection of roles.

We assume that two alphabets of symbols, called primitive concepts and
primitive roles, are given. The letter A will always denote a primitive concept,
and the letter P will always denote a primitive role.

Arbitrary roles (denoted by the letters @ and R) are built out of primitive
roles according to the syntax rule

Q,R— P|Q@NR.

The concepts (denoted by the letters C' and D) of the language ALCN'R
are built out of primitive concepts and roles according to the syntax rule

C,D — Al (primitive concept)
Tl (top concept)
L {bottom concept)
cnbo | (intersection)
CubD | (union)
-C| (complement)
YR.C | 3R.C | (role quantification
(€£nR)|(>nR) (number restriction),

where n ranges over the nonnegative integers coded as binary strings. In the
following we will refer to ALCN R-concepts simply as concepts. A subconcept
of a concept C' is a substring of C' that is a concept.

Concepts are interpreted as subsets of a domain and roles are inter-
preted as binary relations over a domain. More precisely, an interpretation
T = (A%,-T) consists of a set AT (the domain of I) and a function - (the
interpretation function of I) that maps every concept to a subset of AT



and every role to a subset of AT x AT such that the following equations are
satisfied:

5 Sy
S =
(D= NP
(D = CT D
(_10)1 & AI\C’I
(Q TRy 'S QgTRR
(VR.CY = {a € AT [V(a,b) e B®b e C*)

(AR.C)Y = {a e A?|3(a,b) € R .be C?}
(>2nR) = {aeAT|[{be AT |(a,b) € RT}| 20}
(SnRF = {aeAT||{be AT|(e,b) € BT} <n}.

Observe that an interpretation is uniquely determined by the values that it
gives to primitive concepts and primitive roles.

Intersection of roles can be used to model subroles. We say that @ is a
subrole of a R and write Q < R, if QT C R? for every interpretation Z. If
Q=PN...MNP,and R= P/N...NP, then @ is a subrole of R, if and only
if for every primitive role P} occurring in R there is a role P; occurring in Q
such that P:'= PJ(.

An interpretation Z is a model for a concept C if C? is nonempty. A
concept is satisfiable if it has a model and unsatisfiable otherwise. We say C
is subsumed by D if CT C D7 for every interpretation Z, and C' is equivalent
to D if CT = D7 for every interpretation 7.

Since our language allows for general complements, satisfiability and sub-
sumption can be reduced to each other in linear time. Therefore the two
problems are of equal complexity, and to decide them it suffices to devise a
decision procedure for only one of them.

Proposition 2.1

o (' is subsumed by D if and only if C M D is not satisfiable
o C is satisfiable if and only if C is not subsumed by 1.



In the following chapters we give algorithms that decide the satisfiability
of concepts. By the above proposition, these algorithms can be used as well
for subsumption checking.

To keep our algorithms simple, we do not allow arbitrary concepts as in-
put, but only concepts in a certain normal form. A concept is called simple
if it contains only complements of the form —A, where A is a primitive con-
cept. Simple concepts are the analogue of logical formulae in negation normal
form. Arbitrary concepts can be rewritten to equivalent simple concepts by
the following rules:

-T — 1

-l — T
~(CnD) — -CU-D
~(CuD) — -=Cn=-D

-—=C — C

-(VR.C) — 3R.-C
-(3R.C) — VR.-C
~(£<nR) — (Zn+1R)

GnR) — {( 1 ifn=0

<n-1R) if n > 0.

Proposition 2.2 For every concept one can compute in linear time an equiv-
alent simple concept.

In this paper we consider three sublanguages of ACCNR:
ALCN consists of concepts containing no intersections of roles.
ALCR consists of concepts containing no number restrictions.

ALC consists of concepts containing no number restrictions and no intersec-
tions of roles.

The language ALC has been introduced by Schmidt-Schaul and Smolka
[SS88]. They proved that subsumption and satisfiability in this language



are PSPACE-complete problems. The names of the other languages are cho-
sen in such a way as to indicate that they extend ALC either by number
restrictions or role intersection or both.

In this paper we will prove that ALCN R has a decidable satisfiability
problem. For the sublanguages ACCN and ALCR we will give satisfiability
checking algorithms, which need polynomial space. Since both languages
generalize ALC, we know that satisfiability and subsumption for ALCA and
ALCR are PSPACE-complete problems.

3 Checking Satisfiability

We are going to devise a calculus for checking the satisfiability of concepts.
The calculus will operate on constraints consisting of variables, concepts and
roles. Concepts are supposed to be in normal form.

We assume that there exists an alphabet of variable symbols, which will
be denoted by the letters z, y, and z. A constraint is a syntactic object of
one of the forms

g6, o,

where C' is a simple concept and P is a primitive role. Intuitively, z: C' says
that z is in the interpretation of C' and z Py says that the pair (z,y) is in in
the interpretation of P.

Let Z be an interpretation. An Z-assignment is a function a that maps
every variable to an element of AT. We say that a satisfies z: C if a(z) € C7,
and o satisfies Py if (a(z),a(y)) € PY. A constraint ¢ is satisfiable if
there is an interpretation Z and an Z-assignment o such that o satisfies
c. A constraint system S is a finite, nonempty set of constraints. An Z-
assignment o satisfies a constraint system S if a satisfies every constraint in
S. A constraint system S is satisfiable if there is an interpretation 7 and an
Z-assignment « such that « satisfies S.

Proposition 3.1 A simple concept C is satisfiable if and only if the con-
straint system {x:C'} is satisfiable.

Our calculus starts with a constraint system S = {z:C}. In successive
steps it adds constraints to S until either a contradiction is generated or
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an interpretation satisfying C' can be obtained from the resulting system.
The calculus relies on a set of rules, which closely resemble the rules of the
tableaux calculus for first order logic. In fact if one translates concepts into
predicate logic formulas, and applies to them the tableaux calculus with a
suitable control strategy, one obtains essentially the calculus described here.

Before we formulate the rules we need some notation. Let S be a con-
straint system and R = P, M...M Py be a role. We say that zRy holds in S
if the constraints Py, ...,z Py are in S.

In order to denote for a variable x the number of variables y such that
xRy holds we define

nrs(x) = |{y | «Ry holds in S}|.

With [y/z]S we denote the constraint system obtained from S by replac-
ing cach occurrence of y by z. We say that the replacement of y by z is safe
in S if for every variable x and for every role R such that z:(>n R) isin S
and xRy and xRz hold in S, we have ng s(x) > n. Intuitively, the replace-
ments of y by z is safe in 5, if every number rastriction that is satisfied in S
remains satisfied in [y/z]S.

The calculus is given by the following completion rules:

1. S = {2:Cy, 2:C2}US

if 2:C;NCyis1in S, and 2:C; and z: Cy are not both in S

o
¥

—y {#:D}US

if a:CyUCyisin S, neither 2: Cy nor z: Cy is in S,

and B} =G ot = O

if v:3dR.Cisin S, R=FP,N...MN P, there is no z such that
xRz holds in S and z: (" is in S, and y is a new variable

. S -y {y:C}US
if w:VR.C'is in S, xRy holds in S, and y: C is not in S

Ry |
s

—> {aPy,...,: rPy}u S
f w(znR)isin S, A=PN...0F 8srs(e)<n, and yis

a new variable

11



6. S —< [y/z]S

if z:(<nR)isin S, 2Ry and xRz holds in S, nps(x) > n,
and the replacement of y by z is safe in S.

Obviously, the —n-, — -, —3-, and —y-rule imitate the tableaux rules
for conjunctions, disjunctions, and existentially quantified formulas.

The —>- and the —<-rule operate in a more complicated way to cope with
equality, that comes in through number restrictions. For instance, translating
the number restriction (> 2 P) we obtain the the formula

¢(22P)(1') = Jy1,¥2. P(z,y1) A P(x,y2) A ﬂ(yl = 3/2),

which contains equality. Applying the —>-rule twice to a constraint
z: (> 2 P) yields two constraints = Py;, 2 Py,. Now, the —<-rule is designed
in such a way that after subsequent applications there will always be two
constraints of the form z Py}, x Py}, since it is allowed to replace one variable
by another one only if the replacement is safe.

We distinguish two kinds of completion rules, deterministic ones (—n,
—3, —v, —>) and nondeterministic ones (—y, —<). The nondeterminis-
tic rules correspond to concept constructs that contain disjunction, when
translated into logic. Obviously, the union of concepts is the analogue of the
disjunction of formulae. Although less obvious, disjunction is also present in
“atmost” restrictions.

To see this, observe that for instance translating the concept (< 2 P) into
logic yields the formula

¢(52P)(1’) = V1,92, 3. P(z,y1) A P(x,y2) A P(x,yg)
— Y1 =Y2Vy1 =y3Vys = ys.

Consequently, when the —<-rule applies, there is a choice as to which vari-
ables are to be identified.

Proposition 3.2 (Invariance) Let S and S’ be constraint systems. Then:

1. If 8" is obtained from S by application of a deterministic rule, then S
is satisfiable if and only if S’ is satisfiable.

12



2. If S’ is obtained from S by application of a nondeterministic rule, then
S is satisfiable if S’ is satisfiable. Furthermore, if a nondeterministic
rule applies to S, then it can be applied in such a way that it yields
a constraint system S’ such that S’ is satisfiable if and only if S is
satisfiable.

Proposition 3.3 (Termination) Let C be a simple concept. Then:

1. There is no infinite chain of completion steps issuing from {z:C}.

2. The lenght of a chain of completion steps issuing from {x: C'} is bounded
exponentially in the size of C'.

A constraint system is complete if no propagation rule applies to it.
A clash is a constraint system having one of the following forms:

° {II_L}
o {z: A, x:0A}
o {z:(< OR), 2Py, .2y}, where R= P [...[ B

o {z:(>mQ), z:(<nR)}, where m >n and Q X R.

Proposition 3.4 A complete constraint system is satisfiable if and only if
it contains no clash.

Proof. Obviously, a system containing a clash is unsatisfiable. Conversely,
if S is a clash free complete system, then there is an interpretation 7 obtained
by taking for AT all variables occurring in S, for AT all  such that z: A is
in S, for PT all pairs (z,y) such that Py is in S, and by taking the sets
CT for complex concepts C' and R? for compiex roles R as required by the
definition of an interpretation. The Z-assignment mapping every variable to
itself satisfies S. a

It is straightforward to turn the calculus into a decision procedure. To
check a simple concept C' for satisfiability, one has to generate all complete
constraint systems derivable from {z: C'}, which are, up to variable renaming,
finitely many. If all these systems contain a clash, then C is unsatisfiable,
otherwise it is satisfiable.

13



Theorem 3.5 Satisfiability and subsumption of ALCNR-concepts can be
decided with nondeterministic exponential time.

Corollary 3.6 An ALCNR-concept has a model if and only if it has a finite

model.

4 PSPACE-Complete Languages

Satisfiability of ALC-concepts is a PSPACE-complete problem [SS88]. Since
ALC is a sublanguage of ACCNR it follows that checking satisfiability of
ALCN R-concepts is PSPACE-hard. This gives a lower complexity bound.
An upper bound is furnished by our calculus that requires nondeterministic
exponential time. Better upper bounds exist for special cases. In Section 4.1
we show that satisfiability of ALCN -concepts can be decided with quadratic
space. In Section 4.2 we give a linear space algorithm for checking satisfiabil-
ity of ALCR-concepts. Since both problems are still more general than the
satisfiability of ALC-concepts, it follows that they are PSPACE-complete.
The algorithms are inspired by a technique first applied in [SS88]. We con-
clude with a remark on the influence of binary and unary coding of number
restrictions on the complexity of deciding satisfiability of ALCN R-concepts.

4.1 Satisfiability of ALCN-Concepts

The reason why the general calculus is so cumbersome is in the —>-rule.
If a constraint system contains a constraint z:(> n R), the algorithm will
apply the —>-rule to add constraints until the extended system will contain
n variables yi,...,y, such that Ry;,...,2Ry, holds. Since n is assumed
to be coded in binary, the number of additional constraints is exponential in
the length of the string representing n.

When all roles in a constraint system are primitive roles, a satisfiability
checking procedure has to do less work when it encounters the above situa-
tion. We will show that in this case the —>-rule needs to be applied at most
once, adding a single constraint of the form a Py.

A constraint system S is quasi-complete if

1. S is obtained from {z:C'}, for some simple concept C, by application
of the completion rules;

14



2. the —»n-, —=v-, —3-, =4~ and —<-rules don’t apply to S;
3. :(>nR) € S always implies ng s(z) > 0.

Note that every complete constraint system is quasi-complete. A quasi-
.complete constraint system is complete if it doesn’t contain a constraint
x:(>n R) with ngs(x) < n.

A clash free quasi-complete constraint system that contains role intersec-
tions need not be satisfiable.

Example 4.1 Consider the constraint system
S ={2:(<2P), 2:(21PNP), z:(2 2PN P), ©:VPL.A, 2:VPp.-A}.

Then S" = SU{x Py, 2 Piy1, yi: A, 2 Py,, 2 Pays, y2: A} is quasi-complete
and clash free. But completing S’ will yield a clash, because the number
restriction on P I P, forces us to introduce further constraints z Py} and
x Py, and the number restriction on P forces us to identify y; with y; or yj,
thus producing a variable constrained to A and —A.

If roles are primitive, number restrictions cannot interact via subroles.

Theorem 4.2 Lel S be a quasi-complete constraint system such that all roles
occurring in S are primitive. Then S is satisfiable if and only if it contains
no clash.

Proof. Suppose S is a clash free quasi-complete constraint system such
that all roles occurring in .S are primitive. We show that there exists a clash
free complete constraint system S’ such that S C S,

Such an extension S” can be obtained from S constructing a sequence
=S B i Sk = 5" where Sj is transformed into S;4, using the following

steps:
o sclect a variable v with {@: (= n P), Py} C Sj and nps (z) = m < n;
o let .. .. Yn—m be new variables;

e let Siyy be obtained from S; by adding @ Py, ..., 2 Py,_m, by adding
RN Yn—m:C for every constraint in S; of the form y: C, and by



The process eventually halts when a complete constraint system is reached.
Since the newly introduced constraints are copies of constraints already oc-
curring in S, there is no clash in 5’ a

General Assumption. In the rest of this section, all concepts are ACCN -
concepts and all constraint systems contain only ALCN -concepts.

A quasi-complete constraint system that originated from {z: C'} may still
be exponential in the size of C. For a polynomial space algorithm it is
therefore crucial not to keep an entire quasi-complete constraint system in
the memory but to store only small portions of it at a time. To make this
idea more precise we need the following definitions.

Let S be a constraint system, P a primitive role, and z a variable oc-
curring in S. In order to denote the number of constraints in S of the form

x: 3P.C we define
exs(z) :=|{C | z:3P.C € S}|.

In order to denote the minimal “atmost” constraint imposed on = for P in
Swelet N={n|z:(<nP)e S} and define

min N ifN#0

P
atmostc(x) := :
s(z) { 00 otherwise.

Let X be afinite set and k a positive integer with & < |X|. A k-partition of X
is a set Il containing k pairwise disjoint subsets 7 of X such that U,en 7 = X.

Now we give transformation rules that build up portions of quasi-complete
constraint systems. The trace rules consist of the —n-, —v- and the —-rule
together with the following three rules:

1. S —r> {aPy}US

il nif>nPlisin s, extlz) =0,
there is no constraint Pz, and y is a new variable
2.8 23 i C, Pyt US

if x:3P.C is in' 8, atmostf(z) > exf(2),
there is no constraint @ Pz, and y is a new variable
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3. § —rac {zPy}U{y:C|Cer}US

if exE(z) = 1, atmost§(z) = ks | >k,
{30, AP € 5,
7 € II where II is a k-partition of {C4,...,Ci},
there is no constraint Pz, and y is a new variable.

The trace rules are designed to produce for a variable z at most one
variable y that is related to z by constraints of the form zPy. The only
completion rules introducing such constraints are the —>- and the —3-rule.
The trace rules prescribe a controlled application of these rules. The —75-
rule allows the —>-rule to be applied only if no constraint z: 3P.C is present
in S. The —73-rule allows the —3-rule to be applied if there exist constraints
of the form z: AP.C' in S, and the number of such constraints doesn’t exceed
the minimal “atmost” restriction imposed on x. However, if [ is the number
of constraints in S having the form z:3P.C, k is the minimal “atmost”
restriction for z in .S, and [ exceeds k, then applications of the —3-rule would
introduce variables y1, . .., y; satisfying constraints {z Py;, y;: C;}, where 1 <
J < 1. Subsequent applications of the — <-rule would identify some of the new
variables, thus creating a k-partition of the set {C,,...,C;}. The —rac-rule
models the combined application of the two rules.

Let C' be a simple concept and let 7' be a constraint system obtained
from {z: C'} by application of the trace rules. We call T' a trace of {z:C}, if

no trace rule applies to 7.

Proposition 4.3 Let C be a simple concept and S = {x:C'}. Then:

1. The length of a trace rule derivation issuing from S is bounded linearly
in the size of C'.

2. Every trace of S is contained in a quasi-complete constraint system
extending S.

3. Every quasi-complete constraint system extending S can be obtained as
the union of finitely many traces of S.

To detect clashes it suffices to inspect traces.

Proposition 4.4 Let C' be a simple concept, S a quasi-complete constraint
system extending {x:C'}, and T a finite set of traces such that S = Urer T.
Then S contains a clash if and only if some T € T contains a clash.
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satl: variable x constraint system — bool

satl(z,S) =
if S contains a clash
then false
elsifz:CNDeSandz:C¢Sorz:D¢S
then satl(z,S U {x:C, z: D})
elsife:CUD € S andz:C ¢ Sandz:D ¢ S
then satl(z,S U {z:C}) or satl(z,S U {z: D})
else let y be a new variable in:
forall z: (>nP) € S
with exE(z) = 0:
satl(y,SU{y:C | z:VP.C € S})
and
forall z:3P.C € S
with exf(z) < atmostE(z):
satl(y,SU{y:C}U{y: D | 2:VP.D € S})
and
forall 1: 3P0, .. .. :@P.C G 8
with | = exE(z), k = atmostE(z), I > k:
exists a k-partition 1I of {C},...,C;} such that:
forall = € II:
satl(y,SU{y:C |C € n}U{y: D | 2:VP.D € S})

Figure 1: A functional algorithm deciding the satisfiability of
ALCN-concepts. The call satl(z,{z:C}) returns true if and only if C is
satisfiable.

Suppose C is a simple concept, and the recursive function sat1 in Figure 1
is called with arguments  and S = {z:C}. Then satl returns true if and
only if there exists a clash free quasi-complete constraint system extending S.

Nijenhuis and Wilf [NW75] give a linear space algorithm that enumerates
all partitions of a finite set. We can use a slightly modified version of their
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algorithm enumerating only k-partitions to find an appropriate k-partition of
{C1,...,C}. We assume that such an algorithm is called as a subprocedure
by satl.

The function satl can be executed such that at most one trace needs
to be kept in memory. Furthermore, for every variable in such a trace we
have to store information on the corresponding k-partition that is currently
investigated, which can be achieved using linear space. Thus, satl can be
executed using space quadratic in the size of C.

Since satisfiability of ALC-concepts is PSPACE-complete [SS88] and ALC

is a sublanguage of ALCN, we have proven the main result of this section.

Theorem 4.5 Satisfiability and subsumption of ALCN -concepts are
PSPACE-complete problems, which can be decided with quadratic space.

4.2 Satisfiability of ALCR-Concepts

In this section we give an algorithm for checking the satisfiability of ALCR-
concepts.

General Assumption. [In this section, all concepts are ALCR-concepts
and all constraint systems contain only ALCR-concepts.

Since now concepts do not contain number restrictions, we can complete
constraint systems without using the —5- and the —<-rule.

Proposition 4.6

1. A constraint system is complete if and only if the —n-, —y-, —3-, and
the —-rule don’t apply.

2. A complete constraint system is satisfiable if and only if it contains no
clash.

Similarly as in the previous section, we first define a set of trace rules,
then consider the traces that can be computed with them, and finally give a
functional algorithm that checks for a given simple concept C' the satisfiability
of {a:C}.

The trace rules consist of the —n-, — -, —>y-rule and the following rule:
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sat2: variable x constraint system — bool

SaElns) &
if S contains a clash
then false
elsifz:CNDeSandz:C¢ Sora:D¢S
then sat2z, S U {220, '27D})
elsifz:CUD € Sandz:C ¢ Sandz:D ¢ S
then sat2(z,S U {z: C}) or sat2(z,S U {z: D})
else let y be a new variable in:
forall z: 3R.C € S
sat2(y,SU{y:C}U{y:D | 2:YQ.D € S and R < Q})

Figure 2: A functional algorithm deciding the satisfiability of
ALCR-concepts. The call sat2(z,{z: C}) returns true if and only if C is
satisfiable.

S —r13 {¢Py,...,cPy, y:C}US

if z:3R.Cisin S, R= P,N...N Py, there is no constraint
of the form Pz in S, and y is a new variable.

The —73-rule ensures that in a trace for a variable  at most one con-
straint of the form z Py is generated.

Let C be a simple ALCR-concept and let T' be a constraint system ob-
tained from S = {z:C} by application of the trace rules. We call T a
trace of S, if no trace rule applies to T'. The traces defined in this section
have properties similar to those stated in the previous section. In particular,
Propositions 4.3 and 4.4 hold again if quasi-complete constraint systems are
replaced by complete constraint systems.

The recursive function sat2 in Figure 2 returns true if and only if for the
constraint system {z: C'} given as argument there exists a clash free complete
system extending {z: C'}. The function can be executed such that at most one
trace needs to be kept in memory. When implemented naively, the algorithm
needs quadratic space to store a trace, since it creates constraints of the form
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x: D where D is a subconcept of D. But if subconcepts are represented by
pointers instead of copies, then a trace needs at most space linear in the size
of C'. Thus, sat2 needs at most space linear in the size of the input.

Since deciding the satisfiability of ALC-concepts is a special case of decid-
ing the satisfiability of ALCR-concepts, we have proven the following result.

Theorem 4.7 Satisfiability and subsumption of ALCR-concepts are
PSPACE-complete problems, which can be decided with linear space.

4.3 Numbers as a Source of Complexity

We don’t know if a PSPACE-algorithm for checking the satisfiability of
ALCN R-concept descriptions exists. Here we give arguments why there
1s no straightforward way of applying the trace technique to the problem.

It is possible to split a complete constraint system into traces, whenever
it is sufficient to consider for a variable z only one variable y such that z Py
holds. As seen in Example 4.1, this is not the case when number restrictions
and role intersections together are present. Our method to cope with the
interaction of number restrictions and role intersections required to introduce
for every constraint of the form z:(> n R) occurring in a constraint system
at least n new constraints of the form z Py such that z Ry, ..., Py, holds.
If n is coded in binary, this method yields a number of additional constraints
that is exponential in the length of the string representing n. To store these
constraints, one would need exponential space.

However, if numbers are coded in unary- that is, the number n is repre-
sented by a string of n equal symbols— then linear space would suffice to store
the new constraints. In this case one could employ the trace technique to
devise a quadratic space algorithm as follows: for a variable z in a constraint
system S, the algorithm would

I. introduce all constraints of the form x Py as required by the constraints
of the form x: (> n R) and 2: 3R.C in S,

o

identify individual variables as required by the constraints of the form
r:(<nR)in S,

3. proceed with a variable y where x Py is in the updated constraint sys-
tem.



5 Combining Concepts and Feature Logic

Feature descriptions emerged in computational linguistics as a device to de-
scribe constituents of sentences in terms of attributes, which are called fea-
tures in this context [Sh86]. Examples for such features may be gender,
number, or voice. The main operation on feature descriptions is a test for
consistency.

In his paper on “Feature Logic”, Smolka gave a Tarsky style semantics
for feature descriptions and showed that they are closely related to concepts
of KL-ONE-like languages [Smo88], the main difference being that in Feature
Logic attributes (called features) are interpreted as partial functions while in
KL-ONE attributes (called roles) are interpreted as arbitrary binary relations.

Features come with the constructs selection, and agreement and disagree-
ment of feature chains. Selection corresponds to existential quantification of
roles.” Agreement and disagreement are counterparts of KL-ONE’s so-called
“role value maps” [BS85]. Smolka shows that a feature language that con-
tains intersection, union and complement of feature descriptions, as well as
selection, agreement and disagreement on features, has an NP-complete satis-
fiability problem and a co-NP-complete subsumption problem. Interestingly,
if agreement is used with roles, then it causes undecidability [Sch89]. No-
tationally very similar, one minor difference in the semantics causes major
computational differences.

In this chapter we amalgamate the language ALC with feature logic by
adding selection, agreement and disagreement operators for features and
show that a tableaux like calculus is also applicable to this combination.

5.1 Syntax and Semantics of ALCF-Concepts

We assume a further alphabet of symbols, called features, that is disjoint
from the alphabets of primitive concepts and primitive roles. The letter f
will always denote a feature.

A path, denoted by the letter p or g, is a sequence f; --- f, of features.
The empty path is denoted by «.

Concepts (denoted by C' and D) of the language ALCF are formed out
of primitive concepts, primitive roles, and features according to the syntax
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rule

c,D — A|T|L|CAD|CuUD|~C|V¥P.C|3P.C|

»T | (undefinedness)
Juls | (selection)
p=gql (agreement)
P#q (disagreement).

Thus, ALCF adds to ALC undefinedness, selection, agreement and disagree-
ment of features.

A feature interpretation T = (AT, -T) consists of a set AT and a function -Z
mapping concepts to subsets of AZ, roles to binary relations on AZ, and
features and paths to partial functions from A7 to A7 such that the following
equations are satisfied (by dom we denote the domain of partial functions):

el(a) = aforevery a € AT, ie. &7 is the identity function on AT
(fp)’(a) = p'(f*(a))
(T = AT\ domp?
(/€)' = {a€domfT|f¥(a)€ CT)
(r=q) = {a€domp Ndomg? | p*(a) = ¢*(a)}
(p#q)" = {a€domp’ Ndomq" |p’(a)# ¢*(a)}.

An interpretation that interprets features as binary relations is a feature
interpretation if for every feature f it satisfies the axiom

Va,y,z. f(z,y) A f(z,2) — y = 2.

Observe that feature axioms contain equality. This will show up again in the
rules of the calculus.

The selection f.C' denotes the set of all elements of the domain for which
the feature f is defined and for which the application of f yields an element of
the set denoted by C'. The agreement p = ¢ of two paths p and ¢ denotes the
set of all elements of the domain for which p and ¢ are both defined and the
application of p and ¢ yields the same element as result. The disagreement
p # q of p and ¢ denotes the set of all elements of the domain for which p and
q are both defined and the application of p and ¢ yields different elements as
result.
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General Assumption. In the following concepts are always understood to
be ALCF -concepts.

A feature interpretation 7 is a feature model for C if C* is nonempty. Fur-
thermore, satisfiability, subsumption and equivalence of concepts are defined
with respect to feature interpretations instead of arbitrary interpretations.

Suppose f is a feature, P a primitive role, and Z a feature interpretation
with domain AT such that for all a, b € AT we have (a,b) € P? if and
only if a € dom fT and f¥(a) = b. That is, P? is the graph of the partial
function fZ. Then the following equations hold for all concepts C':

@Ar.c)* = (f.0)F
(vP.C)F = (f.cu-f.T)L

Thus, role quantification of P can be expressel in terms of the selection op-
erator, if P is interpreted as a partial function. Conversely, feature selection
can be expressed by existential quantification.

A new element comes into the language via agreements and disagreements
of feature paths. The equations

. T D Z
(p=q = (p.TNg.TN(p#4q))
(P#9f = (P-TNeTN=(p=q)"
show, that the agreements can be expressed by disagreements and vice versa.
As in Chapter 2 we single out a special class of concepts as normal forms.
A concept is called simple if it contains only complements of the form —A,
where A is a primitive concept, and no subconcepts of the form pT where p
is not a feature. ‘
We transform concepts into simple concepts preserving equivalence by
rewriting with the rules in Chapter 2 and the following rules:

£ Gt 1 F D £

p=q — plUqTUp#q

p#q — plUqTUp=gq
el — L

] — FLfpT)

Proposition 5.1 For every concept one can compute in linear time an equiv-
alent simple concept.



5.2 Checking Satisfiability

Next, we extend our calculus for checking the satisfiability of ALCNR-
concepts so that it can cope with features. First we introduce two new
kinds of constraints. Constraints now have one of the following forms:

2:C, Py zpy, = £y,

where C' is a simple concept, P is a primitive role, and p is a path. Let Z be a
feature interpretation and let « be an Z-assignment. We say that o satisfies

2:C, ifa(z) e CT

zPy, if (a(z),aly)) € PT

zpy, if a(z) € domp’ and p’(a(z)) = a(y)
x#y, ifa(z)#a(y)

As before, constraint systems are nonempty finite sets of constraints. Sat-
isfiability of constraints and constraint systems are now defined in terms of
feature interpretations instead of interpretations as in Chapter 2. Again, a
simple concept (' is satisfiable if and only if the constraint system {z:C} is
satisfiable.

To deal with the new language constructs involving features we define the
following feature completion rules:

1. S —selection {fy, y:CIUS
if a:f.C'isin S, there is no variable z such that
xfzand z: C are in S, and y is a new variable

2.8 == {apy, xqy}U S

if a:p=gqisin S, there is no variable z such that
axpz and aqz are in S, and y is a new variable

3. § =, {xpy, xqz, y#2}US
il 2:p# qarein S, there are no variables y’, 2’ such that
apy’, xqz" and y' # z' are in S, and y, z are new variables
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4. S Spah {2f2, zpy}U S

if zfpyisin S, p # €, there is no variable 2’ such that
zf2z' and z'py are in S, and z is a new variable

5. S —function [¥/2]S
if zfy and zfz arein S, and y # 2.

The — gelection-Tule for features is the analogue of the —3-rule for roles.
The — .- and —4-rule work on agreement and disagreement constraints.
Path constraints like zpy, that are produced by application of these rules, are
stepwise shortened by the — p,,¢,-rule by stripping off the first feature symbol.
The — fupction-tule reflects the assumption that features are interpreted as
partial functions. It corresponds to the feature axioms coming in implicitly
with every feature symbol.

The next proposition says that the feature rules are deterministic.

Proposition 5.2 (Invariance) If the constraint system S’ is obtained from
the constraint system S by application of a feature completion rule, then S’
is consistent if and only if S is consistent.

The ALCF-completion rules consist of —n-, —y-, —3-, and —-rule to-
gether with the feature completion rules. A constraint system is complete if
no ALCF-completion rule applies to it.

Proposition 5.3 (Termination) Let C be a simple concept. Then:

1. There is no infinite chain of ALCF-completion steps issuing from {z: C'}.

2. The lenght of a chain of ALCF-completion steps issuing from {z:C'}
is bounded exponentially in the size of C.

A clash is a constraint system having one of the following forms:
{e:1}, {z:4, 2:-4}, {a:f1}, {o#2)

Proposition 5.4 A complete constraint system is satisfiable if and only if
it contains no clash.



Proof. Let S be a constraint system. If 5 contains a clash, then it is
obviously unsatisfiable.

If S is complete, then for every variable x and every feature f there is at
most one variable y such that zfy is in S. Now it is easy to see that there
is an interpretation Z obtained by taking for AZ all variables occurring in S,
for AT all z such that z: A is in S, for P7 all pairs (z,y) such that zPy is
in S, for f the partial function with

dom fT = {z | Jy. zfy € S}

that is defined by fZ(z) = y if 2 fy is in S. The Z-assignment mapping every
variable to itself satisfies S. a

If C is a simple concept, then, up to variable renaming, one can ob-
tain only finitely many complete constraint systems from {z:C'} using the
ALCF-completion rules. With the preceding proposition it follows that C is
satisfiable if and only if there is one system among these complete systems
that contains no clash.

Theorem 5.5 Satisfiability and subsumption of ALCF -concepts are decid-
able.

Corollary 5.6 An ALCF-concept has a feature model if and only if it has

a finite feature model.

5.3 PSPACE-Completeness

In this section we show that satisfiability of ALCF-concepts is a PSPACE-
complete problem. Since satisfiability of ALC-concepts, which are contained
in ALCF, is known to PSPACE-complete, it is sufficient to give a polynomial
space algorithm solving this problem.

To this purpose, the trace technique applied in the previous chapter has
to be modified. The crucial observation that led to traces was that to detect
clashes it is sufficient to generate for a variable  at most one variable y that
is related to by a constraint of the form zPy at time. For the ALCF-
algorithm however, it is important to make a distinction between roles and
features. As before, the algorithm will introduce for a given z only one
variable y and one constraint of the form »Py. But it has to introduce
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as many variables as required by the feature completion rules in order to
compute all consequences of agreement and disagreement constraints.

We first define feature trace rules, then we consider feature traces com-
puted with them, and finally we give a functional algorithm for checking the
satisfiability of ALCF-concepts.

The feature trace rules consist of the —n-, —v-, —-rule, the feature
completion rules, and the following rule:

5 g o A {y:C, .’L‘Py}US

if z:3dP.C isin S, there is no constraint of the form
zPz in S, and y is a new variable

The —73-rule is a restriction of the —3-rule designed such that for every
variable  at most one constraint of the form z Py is produced.

Let C be a simple concept and let 7" be a constraint system obtained from
{z: C} by application of the feature trace rules. We call T' a feature trace of
{z: C} if no feature trace rule applies to T'.

Feature traces have properties similar to those of traces stated in Sec-
tion 4.1.

Proposition 5.7 Let C be a simple concept, S = {z:C}, and T a feature
trace of S. Then:

1. If Py and zP'y’ are in T, then P = P’ and y = y', and if xfy and
zfy’ are in T, theny =y'.

2. The length of a feature trace rule derivation transforming S into T is
bounded linearly in the size of S.

3. Every feature trace of S is contained in a complete constraint system
extending S.

4. Every complete constraint system extending S can be obtained as the
unton of finitely many feature traces of S.

Proposition 5.8 Let C' be a concept, S’ be a complete constraint system
extending {z:C}, and let T be a finite set of traces such that S' = Urer T
Then S’ contains a clash if and only if some T € T contains a clash.
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sat3: variable x constraint system — bool

satd(z,S) =
if S contains a clash
then false
elsife:CNDeSandz:C¢ Sora:D ¢S
then sat3(z,SU {z:C,z: D})
elsife:CUDe€Sandz:C¢ Sandz:D ¢ S
then sat3(z, S U {z:C}) or sat3(z,S U {z: D})
elsif a feature rule is applicable to S
then let S’ be a feature completion of S in:
forall new variables y in S’:
sat3(y, S’)
else let y be a new variable in:
forall z:3R.C € S:
sat3(y,SU{y:C}U{y: D | z:VR.D € S})

Figure 3: A functional algorithm deciding the satisfiability of
ALCF-concepts. The call sat3(x,{z:C}) returns true if and only if C is
satisfiable.

Let S and S’ be constraint system. We say that S’ is a feature completion
of §,if ' is obtained from S by application of the feature completion rules,
and the feature completion rules don’t apply to S’. Observe that two feature
completions of a constraint system S are equal up to variable renaming.

Let C' be a simple concept. The recursive function sat3 employs a strategy
in generating feature traces of {z:C'}. It applies all feature completion rule
as long as possible and only then applies the —r3-rule. The function checks
whether {z: C'} has a clash free ACCF-complction and can therefore be used
to decide the satisfiability of C. Again, on= can choose a suitable data
structure to represent the subconcepts of C occurring in feature traces, that
does not use copies of subconcepts but represents them by pointers. With
such a data structure a trace of C' can be stored using space linear in the size
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of C. From this observation we conclude the main result of this chapter.

Theorem 5.9 Satisfiability and subsumption of ALCF-concepts are
PSPACE-complete problems, which can be decided with linear space.

6 Conclusion

This paper is a contribution to exploring the frontier between concept lan-
guages with decidable and such with undecidable subsumption problem. For-
mer efforts concentrated on finding minimal languages with undecidable sub-
sumption problem [Pat89, Sch88, Sch89]. We complement this work by giv-
ingv satisfiability and subsumption checking algorithms for languages that
are, to the best of our knowledge, the richest for which these problems are
known to be decidable. Nevertheless, we feel that they can still be extended
by further constructs, like inverse roles and agreement of arbitrary roles. For
an extended algorithm one would have to introduce constraints and com-
pletion rules corresponding to the new constructs, and a control structure
governing the rule application.

A second contribution of this paper is that it exemplifies a method of
designing subsumption algorithms. The method is based on the observation
that subsumption can always be reduced to satisfiability. This problem can
then be decided with a calculus based on inference rules that closely resemble
those of the tableaux calculus for first order logic. Complexity results show
that in most cases an algorithm based on these ideas is optimal. The algo-
rithms described in this paper require polynomial space and solve PSPACE-
complete problems. Similar results hold for sublanguages of ACCNR with
respect to other complexity classes [DHL*90].

Finally, we showed that concept languages of the KL-ONE-family and
feature based description languages as developed in computational linguistics
not only are intimately related as regards their semantics (cf. [Smo88]) but
also can be treated with similar algorithmic techniques. We presented the
language ALCF that combines concepts and feature terms, and showed that
adding features did not increase the complexity of the satisfiability and the
subsumption problem.
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like receiver, footnote, date. Moreover, it facilitates the handling of the containing information. Analyzed
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services. The described integrated system can be considered as an ideal extension of the human clerk, making his
tasks in information processing easier. The symbolic representation of the analysis results allow an easy
transformation in a given international standard, e.g., ODA/ODIF or SGML, and to interchange it via global
network.

RR-90-04

Bernhard Hollunder & Werner Nutt

Subsumption Algorithms for Concept Languages
34 pages

Abstract: We investigate the subsumption problem in logic-based knowledge representation languages of the
KL-ONE family and give decision procedures. All our languages contain as a kernel the logical connectives
conjunction, disjunction, and negation for concepts, as well as role quantification. The algorithms are rule-based
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problem.
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Abstract: The notions "expressive power” or "expressiveness” of knowledge representation languages (KR-
languages) can be found in most papers on knowledge representation; but these terms are usually just used in an
intuitive sense. The papers contain only informal descriptions of what is meant by expressiveness. There are
several reasons which speak in favour of a formal definition of expressiveness: For example, if we want to show
that certain expressions in one language cannot be expressed in another language, we need a strict formalism
which can be used in mathematical proofs. Though we shall only consider KL-ONE-based KR-language in our
motivation and in the examples, the definition of expressive power which will be given in this paper can be used
for all KR-languages with model-theoretic semantics. This definition will shed a new light on the tradeoff
between expressiveness of a representation language and its computational tractability. There are KR-languages
with identical expressive power, but different complexity results for reasoning. Sometimes, the tradeoff lies
between convenience and computational tractability. The paper contains several examples which demonstrate
how the definition of expressive power can be used in positive proofs — that is, proofs where it is shown that
one language can be expressed by another language — as well as for negative proofs — which show that a given
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Abstract: This paper contains an introduction to connectionist models. Then we focus on the question of how
novel figurative usages of descriptive adjectives may be interpreted in a structured connectionist model of
conceptual combination. The suggestion is that inferences drawn from an adjective's use in familiar contexts
form the basis for all possible interpretations of the adjective in a novel context. The more plausible of Fhe
possibilitics, it is speculated, are reinforced by some form of one-shot learning, rendering the interpretative
process obsolcte after only one (memorable) encounter with a novel figure of speech.
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Towards an Understanding of Coherence in Multimodal Discourse
18 pages

Abstract: An understanding of coherence is attempted in a multimodal framework where the presentation of
information is composed of both text and picture segments (or, audio-visuals in general). Coherence is
characterised at three levels: coherence at the syntactic level which concerns the linking mechanism of the
adjacent discoursc scgments at the surface level in order to make the presentation valid; coherence at the semantic
level which concerns the linking of discourse segments through some semantic ties in order to generate a
wellformed thematic organisation; and, coherence at the pragmatic level which concerns effective presentation
through the linking of the discourse with the addressees” preexisting conceptual framework by making it
compatible with the addressees” interpretive ability, and linking the discourse with the purpose and situation by
selecting a proper discourse typology. A set of generalised coherence relations are defined and explained in the
context of picture-sequence and multimodal presentation of information.
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